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PREFACE. 


T HE need of Rome recognized sequence of propositions 
in Elementary Geometrical Conics lias long been very 
generally admitted. This need the Association for the 
Improvement of Geometrical Teaching has attempted to 
supply by the publication of the Syllabus of Geometrical 
Conics, which was drawn up by an influential Committee 
and accepted by the Association at their annual General 
Meeting in January, 1884. 

In the following pages we have given proofs of the 
propositions in the hope that they may be found useful to 
those teachers who desire to adopt the order to which the 
Association has given the weight of its approval. 

We have introduced a chapter on Orthogonal Projection 
immediately after that on the Parabola, as wq think it 
important that the student should understand as early as 
possible the close connection between the ellipse and circle 
and should be introduced at once to a method by which so 
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many properties ot tne ellipse may be deduced from well- 
known properties of the circle. 

At the end of the book will be found a la^e collection 
of Cambridge problems , we have give£ a ist of important 
properties of Conics, not included in the propc^itions in the 
text — all of which are considered as well knowir and may 
therefore be assumed in the solution of any other problems. 

A. C 
F. B W. 

May y 1889. 

A list of important propositions, which may be assumed 
in the solution of problems, has been added to the booh 
in accordance with the suggestion of Mr Emtage, who hag 
recently published a Key to the riders and problems 
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PARABOLA. 


Def. i A parabola is the locus of a point (P), whose 
distance fioni a fixed point ( S ) is equal to its distance (PM) 
from a fixed straight line (XM ), 

(8P=* PM) 

u The fixed point ( S ) is called the focus. 

III. The fixed straight line (XM) is called the directrix. 

Def A curve is symmetrical with respect to a straight 
line , if, coriesponding to any point on the curve, there is 
another point on the curve on the othei side of the straight 
line such that the chord joining them is bisected at right 
angles by the straight line. 

Def. The straight line is called an axis of the curve. 

Def A vertex is a point at which an axis meets the 
curve 


C.G. 
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PARABOLA. 


Proposition I 

Constriction for points on the parabola The perpendicular 
on the directrix through the focus is an axis of symmetry. 



SfC in A ; then because 8 A =AX, A is a point on 
the^&kla. 
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In XS or XS produced take any point N; thijougji X 
dr&w a straight line PNF perpendicular to XN ; with centre 
S and radius equal to XN describe a circle, to cut (if possible) 
PNF at P and i J '* and draw PM, FM ' perpendicular to 
the directrix. 

Then because SP = NX = PM, 
therefore P is a point on the parabola 

Similarly F is a point on the parabola 

Since NP - NF, [Euc. in. 3. 

PF is bisected at right angles by XS, and the curve is 
symmetrical with respect to XS. 

(1) Jf N and S lie on the same side of A, SN is less 
than NX, and the circle will cut the line PNF. 

(2) If N and S he on opposite sides of A, the circle will 
not cut tlie straight line PNF. 

" Hence the parabola is unlimited in extern t, but lies 
entirely on one side of a line through A perpendicular to 
AS 

For riders see p. 7. 

Def. The axis (SX) of a parabola is a straight line 
through the focus perpendicular to the directrix 

Def. The vwtex (A) of a parabola is the point at which 
the axis meets the curve. 

Def. The ordinate (PN) of a point on a parabola is the 
perpendicular from the point (P) upon the axis. 

Def. The abscissa (AN) is the portion of the axis be- 
tween the vertex and the ordinate 

Def. The focal distance (SP) of a point on a parabola is 
its distance from the focus. 
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PARABOLA. 


.PROPOSITION 11 

If the chord PP intersects the directrix in ii K bisects 
the exterior ingle between SP and S|IP. 



Join 8P, SP'. 

Draw PM, P'M' perpendicular to the directrix, and pro- 
duce PS to p. 

Then, by similar triangles PKM, P'KM', 

PK . P'K = PM : P'M’ 

= 8 P ■ SP 1 

SK bisects the exterior angle P'Sp. [Euc. vi. a. 
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PROPOSITION III. 


' 1 f PN is an .ordinate to the parabola at the point 1\ then 
PN* = 4A3 . AN. 


(i; ( 2 ) 



Join 8P, and draw PM perpendicular to the directrix. 
Then NX* = XA* + AN* + 2XA .AN [Euc. n. 4 

*=AS* + AN* + 2AS . AN 
= 2AS.AN + 8N* + 2AS.AN [Euc. n. 7 
= 4 AS.AN + SN'. 

But NX* = PM 1 = 8P* 

= PN* + SN * ; 

•. PN' + SN , = SN*+MS. AN; 

PN* = 4A8.AN. 
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PAUABOLA. 


Def. The double ordinate tftrougn the ’ocus 
the l at as lerjtam (LL'). 


PltOI’OSITION IV 


The latus i ectum LL' = 4AS 



SL i = 4>AS AS 


: SL-2AH; 
/,//<= 4 AS 


is called 


[Prop. C. 
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PROBLEMS 
Prop 1 

1 To trace the parabola by points by .means of Euc i. 23. 

2 PP', QQ' double ordinates to the parabola. Shew that PQ, P'Q' 
meet the axis in the same point. 

8 If SM meets the parallel through A to the directrix in F, shew that 
SM is bisected m Y 

4 Shew also that PY is peipendicular to SM and bisects angle SPM. 

5 SZ is diawn peipendicular to SP to meet directrix m Z. Shew that 
PZ bisects the angle SPM 

^ 6 * If two focal chords of a parabola are equal, the straight line joining 
their middle points is perpendicular to the axis 

7. Find locus of centre of a circle which touches a given stiaight line, 
and passes through a given point 

8 Find locus of centie of a circle which touches a g*vcu circle and a 
gi\en straight line 

9. A stiaight line parallel to the axis meets the parabola in one point 
only 


Prop II 

1 Pp is a focal chord of a parabola, Q any othei point on the curve. If 
PQ, PQ meet the directrix in K and K ' respectively, KSK' is a right angle 

2 PQ , pq are focal chor^p. Shew that Pp, Qq, meet on the directrix. 
As also do Pq, pQ 

3. If they meet the directux in K and K ', KSK' is a right angle. 

/• 4 Trace the\ parabola by means of this proposition, by joining A to 
different points in the directrix 

5 P is any point on the parabola If PA produced meet the directrix 
m K, MSK is a right angle 

- /‘G Given a parabola and its focus, find the directrix. 

7 PQ is a double ordinate of the parabola, PX cuts the curve in P'; 
prove that P'Q passes through the focus 

Prop. III. 

1 PP' is a double ordinate of the parabola. If the circle round PAP' 
l**jut the axis again m Q , shew that NQ is constant and find its length. 

2 PNP f is a double ordinate of the parabola Through Q , another 

point on the parabola, straight lines are drawn, one passing through the 
vertex, and the other parallel to the axis, cutting PP' in L and X/. Shew 
that NL . NL'=Pn 2 1 


PRor IV 

1. Find a double ordinate PP' of a parabola which shall be double the 
latus rectum. 

® 2. The radius of the circle described about the triangle LAL'&i latus 
rectum. 
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PARABOLA. 


Def Let PP' be the chord of any curve. Then if the 
point P' move up to P, the choid PP ' m the limiting position 
when P' coincides with P is called the tangent at P 


Proposition V 

If the tangent at P meets the directnr in Z, PSZ is a 
right angle , and the tangent at P bisects the angle between the 
focal distance SP and the perpendicular PM on the dnectnx , 
and the tangent at* the vertex is at light angles to the axis 




In the figure of Prop II. Met the chord PPK become 
the tangent PZ by moving the point I y up to P, then 
ultimately Sl\ coincided with SZ, SP' coincides with SP, 
and the angle P'Sp becomes two right angles, but 1*811 is 
always half the angle P'Sp (Prop II.), hence PSZ is half of 
two right angles, or PSZ is a right qugle. 
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Draw PM perpendicular to tlie directrix, 

PM* + MZ 2 = PZ 2 [Euc. i 47. 

= Sl* + tiZ\ 

. MZ l = SZ 2 t hi nee PM^tiP , 

MZ=SZ, 

. . in the triangles ZPM, ZPti , 

PJif, Jlf£ = PS, ££ each to each, 
and PZ is common to both , 

• the angle MPZ = SPZ [Euc. l. 8. 



If the point P be at the vertex A, the angle tiPM is two 
right angles and coincides with the straight ar/gie SAX. 
Hence the tangent, which bisects this angle, is at right angles 
to the axis 

Prove from the definition of a parabola that the straight line which 
bn ects the angle SPM cannot meet the curve in a second point 

For riders see p. 11 
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PAHAJiULA 


Pkopomjion VI 


The tangents at the extremities of a focal chord intersect at 
right angles on the directrix 



Lot PSp bo a fooaj chord, and lot tile tangent at P 
intersect the directrix in Z 

Jopi ZS, Zp } and diaw PM, pm perpendicular to the 
directrix. 
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[A op 5 
Bur I. 4 

z SZP = z PZM , 

. tfZP is%a]f of SZM 

Similarly HZp is half of SZm, 

* P//> is half of SZM and SZm together, 
is half of two light angles, 

PZp is a light angle 


PARABOLA 


T ibeu, 

PZ1 s the tangent at P, 


SZ is at right angles to P$j; 


}Z the tangent at p 

Again, 

the A SPZ= o A IPX, 


PROBLEMS 
Prop V 

1 The tangents at the extremities of the latus lectum meet the directrix 
at the point A 

2 If any point 0 be taken on the tangent at P, OM-OS 

3 If the tangents to the parabola at P and P' meet m 0, and PM , 
F’jP be the peipendiculars on the directnx fiom P and P', OM, OS, OM' 
are all equal. 

Deduce a construction for di awing the two tangents fiom an external 
point 0 

^4 If two tangents OQ, OQ* be drawn to a paiabola, and V be the middle 
point of QQ f , prove that O V is paiallel to the axis 

5 Hence, given two tangents to a parabola, and their points of con- 
tact, to find the focus 

6 If the tangent at P meet the latus rectum produced in A\ and the 
directrix in Z, SK=SZ 


Puor. VI 

1 If the tangent» at the extremities of the focal chord PP X meet in 'Z 
and PM, P X M X be perpendiculars on directrix, shew that MM X is oi sec ted in 
Z Hence, prove that the circle desenbed on PP l as diameter touches 
directrix in Z. 

2 PSQ is a focal chord QG perpendicular to the tangent at Q cutting 
axis m G GZ is a perpendicular on the tangent at P Bhew that Z lies 
on the latus rectum 

3. Tangents at the extremities of a focal chord cut off equal intercepts 
on the latus rectum 
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Def The straight line which is cha,wn through any point 
on a Cuive at right angles to the tangent at that point is 
called the normal 

Proposition VII 

If the tanyent and normal at P meet the aats at T and G 
respectively SG = SP = ST. 



Draw PM perpendicular to the dnectiix 

Then Z STP = Z MPT [Euc I 29 

= Z SPT [Prop 5. 

SP = ST 

And since TPG is a right angle, a circle centre S and distance 
SP or ST will pass through G (Euc. ill. 31) , 

SG — SP = ST 

1. Piove that SW and PL' bisect each other at right angles 

2. If T is the middle point of .hY, then A T is the middle point of AS 

3 If the triangle SPG is equilateral, the angle TMG is a right angle 

4 A circle can be described round the quadrilatt al SPMZ , and this 
circle touches PG at P 

5. If the radius of this tnrcle equal 3fZ, the triangle SPG is equilateral. 

6 The angle between any two tangents to a parabola is half the angle 
which their chord of contact subtends at the focus 

7 The base AP and the angle C of a tnangle ABC are given. Find 
the lo<jus of the focus of a parabola touching CA t CB m A and B , 

8 Two parabolas have the same focus, and their axes in the same 
straight line, but in opposite directions. Prove that they intersect at right 
ancles. 
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1:1 


Def If the tangent and ordinate at the point P meet 
the axis* in T and N respectively, NT is called the subtanoAit 
of the«pomt P 


Proposition VIII 
Hubtit agent NT = 2 AN 



Draw PM perpendicular to the directrix 

Then HT=HP [Pi op. 7 

- PM 
~XN 
AH = AX, 


AT^AN 


NT = 2 AN. 

1 If R bo the radius of the circle described round the triangle PNT 
prove that II 2 = SP AN. 

2 From S a line SQ is drawn parallel to the tangent at P, meeting 
PE, which is parallel to the axis, in E Shew that the locus of E is a 
parabola, \ertex S and latus rectum --- 4 that of original parabola. 
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PARABOLA 


Def It the normal and oidmate at the point P meet 
the axis m the points (r and N icspectively, NG is called the 
subnormal of P 


Proposition IX 

{ 



Diaw PM perpendicular to the dnectrix 

Then SCI = SP [Prop 7 

= PM 

= XN, 

XU - sx 

= 2AS 

1 If the tnangle SPG is equilateral, &P=latus rectum 

2. Deduce Proposition 4 from Propositions 8 «nd 9 

3. To draw the noimal t£ the curve at any given point 

4 If QM , the oidmate of <J, bisect NG , prove that QM=PG 
5. TP , TQ are tangents to a givep circle. Construct a parabola which 
shall te-uch TP in P and have TQ for axis. 
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Proposition X 

if the tangent at uni/ point Y intersects the tango# at the 
veitei&%n Y, then SY bisects PT at tight angles , and is a 
mean propoi tiondl between SA and SP (SY“ — AS SP) 



.Tom SP, and draw PiY perpendicular to the axis 

Then, since TN is bisected in A , and A Y is parallel to PK, 
: . PT is bisected in Y 

The angles SYT, HYP ate equal , [Euc I 8. 

SY is at right angles to PT 

Again, because YA is drawn from the light angle per- 
pendicular to the base ST of the triangle SYT, 

SY 2 = SA ST [Euc vi 8 

- SA . SP. [Prop. 7 

1 The circle on SP as diameter touches the tangent at the vertex m Y. 

2. Prove PY PZ = SP* 

3. Piove PY YZ — AS . SP 

t SY produced meets the directrix in M. 

5. If a circle be described on the latus rectum as diameter, and PQ b( 
a common tangent to the parabola and circle, touching them in P and ^ 
respectively, shew t^at SP, SQ are eacn inclined to the latus rectum at ar 
angle of H0° 

6. Given two tangents to a parabola and,the focus, shew how to dray 
the tangent at the vertex, and hence the axis and directrix of the parabola. 

7. A long rectangular slip of paper is folded so that one of fcne oomeri 
always lies on the opposite side. Pr 9 ve that the crease always touches t 
parabola, of which the opposite side is the directux 
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\h Puoposn io\ Xi 

If from any point 0 on the tangent «£*P, OI is drawn 
pet pendr ejilar to the dir ech h , and OU per pendu uhu to SP, 
then SU — OI. (Adams’s property ) 



Join SZ, and diaw PM pel pendieular to the directnx. 
Then, since anj/lo ZSP is a ii<jht Alible, 

• /.S' parallel to OU 
SU SP = ZO ZP 
= 01 PM 
.sT - PM . 

SU = OI 


But 
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Proposition \1I. 

IV draw two tanyents to the parabola from an*extenuil 
imnl O 



(Analysis 

Let Off 0 ( / be the two tangents Draw QM, Q'M' per- 
pendiculars on the diicctnx, and join OS, OM, OM ' 

Then, sun e the amje SQM is bisected by OQ, theiefore 
the triangles SQO, MQO are equal (Euc I 4) and OM « OS. 

So OM’—OS. Thus the points M and M' are found, 
hence construction ) 

With centre O at distant e OS describe a carlo, cutting 
the direetnx in M and M' 

From M and M f draw MQ, M r Q ' to the parabola, at right 
angles to the directrix 

Join 0Q f OQ' OQ , OQ' shall be the tangents required 

Join OS, OM, OM’, SQ , SQ' 

Then, m the triangles SQO, MQO , 

SQ, QO±z MQ, QO, and the base OM = base OS , 

. . the angle SQO ~ angle MQO , 

OQ is the tangent at Q. (Prop. 5. 

So OQ' is the tangent at Q' 

Notk. The construction may be made on the principles proved in 
Pi ^positions 10 or U 
For riders s.e p. 25. 


c. a 


2 
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PROPOSITION XIII 

lhe two tangents OQ, OQ' subtend equal angles at the 
focus , and the tt tangles SOQ, SQ'O aiastnufar 



.Tom SQ, SQ\ SY, SY' 

Produce Q() to meet the axis in T 

Then, since the amrles at Y and Y' aie light angles, 

[Prop. ID 

the circle on OS as diametei will pass thiough Fund Y f 
Therefore angle SOQ' = angle SYY ' m same segment 

= angle STY [Euc. VI. 8 

= angle SQO [Pi op 7 and Euc. I ~ 
Similaily angle SOQ = angle SQ'O : 

remaining angles OSQ , OSQ' aie equal, 
and the triangles SOQ , SQ'O aie similai 

OS and a line through O paiallcl to axis make equal angles with th< 
tangent^. 

For riders see p 2, r > 
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ID 


i} PROPOSITION XIV. 

ir a pan % of tangents OQ, OQ' are drawn to a parabola , 
and QV is drau*i parallel to the axis , meeting QQ' z/i V, QQ' 
weM bisected mY 



Draw QM, Q'M' perpendicular to the dnectrix 
Join OM, OS, OM', SQ , SQ’. 

Then, in the triangles SQO, MQO, 

SQ, QO = MQ, QO, 

and angle SQO = angle MQO , | Prop. 5. 

. OJ/ = Otf 
Similarly OM' = OS , 

OM=OM’, 

and OR , winch is drawn at light augles to the bate of the 
isosceles triangle OMM', bisects it ; 

/ MR^M'R.y 

But QV : = Jfii • M'R , 

yP = Q'F, or QQ! is bisected in P 

For nders see p. 25. 


2—2 
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PARABOLA 


Proposition XV 

The Hocus of the middle points of any system of parallel 
chords of a parabola is a st might hue parallel to the axis, 
passing thiough the point of contact of* the tangent parallel to 
the chords 



Lot RPR ' bo the tangent parallel to the choids, P its 
point of contact, and QQ' one of the chords 

Through P diaw OP V paiallel to the axis, meeting QQ' 
at V and the tangent QRO at 0 Join PQ and di aw RW 
parallel to the axis, bisecting PQ at W [Prop 14 

Then OR — RQ because R IT is paiallel to OP, [Euc vi 2 
and OP = PJ r because PR is paiallel to Q V 

Snmlaily if we diaw a tangent QfR'O* meeting OPV at 
O', O'P = P V, hence 0 and 0 are coincident. 

Since OQ, OQ' are tangents and OV is parallel to axis, 
QQ' is bisected at V. [Prop. 14 

Hence the middle points of all chords parallel to RPR' 
lie on a straight line through P parallel to the axis. 

Def. The locus df the middle points of any system of 
parallel chords drawn in a curve is called a diameter. 

NprE. A diameter will not be< a straight line for all curve*. I f has 
just been proved to be so for a parabola. 

For riders see p. 25 
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J}ef. Th^ half chords ((*)F) intercepted between the 
diameter and th^ curve are called ordinates to the diameter . 


Proposition XVI 

If QV is the ordinate of a diameter PV, and*1he tangent 
at Q meets VP produced in 0, then OP = PV. 



Diaw PR touching the parabola at P and meeting OQ at 
11 7 through R draw RW parallel to the axis 

Since RP, RQ are a pair of tangents, 

PQ is bisected at W , [Prop. 14. 

and PR is parallel to QV , [Prop. 15. 

. OP : PV — OR • RQ 
~PW : WQ 

Bet PW=WQ, k OP = PV 



22 


PARABOLA. 


Proposition XV FI. 

// QV is an ordinate to the diameter PV, then 
QV* — 4SP PV« 



Lot the diameter 7 > l r meet the parabola in P 
Draw the tangent at Q , meeting the diameter m d and 
the axis in T 

Draw the tangent at Z\ meeting OQ in R 
Join SR, SR t SQ 

Then, since PP, PQ axe two tangents, 

• the triangles SRP , SQR are similar, [Pi op Id. 
. . the angle SRI* - angle SQ $ 

= angle ST It . y K[frop 7. 
= angle POR\ *|Euc I 
and the angle SPR = angle OPR , 
because the tangent at P bisects the angle SPO } [Prop 5. 
\ the triangles SRP , POP are similar. 

.*.PP’ = SP PO 

Now OF is bisected in P (Prop. 16), \ QV—2PR , 

/. QF 2 = 4PP 3 

«=4SP.P0 = 4SP.PF 

For riders see pp. 25 and 26. 
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Proposition XVriI 

If the focal choul ySQ' is bisected by the diameter PV, 
winch meets thi curve in P, QQ' — 48P, 



Draw the tangents OQ, OQf meeting at light angles on the 
directrix. (Pi op (> ) 

Draw the diametei 0 V Join HP 

Then, since ( )V bisects the base of the right-angled tri- 
angle QOQ', 

QV = OV, [Euc in. 31. 

QQ’rZOV 

But 0P = 8P, [Def. of parabola. 

. 0V=2NP*; [Prop. 1C. 

QQ’^WP 

Fc. riders see p. 26 . 
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PARABOLA. 


Proposition XIX. 

If two chords, QQ', qq', of a parabola intersect one another, 
the rectangles contained by their s eg mints are in the ratio of 
the parallel focal chords , or 

QO.Q/O . <|() . q'O = 4SP 4$]> 



q 


Draw the diameter PV to bisect QQ ' in V 
Draw OW parallel to the axis, to meet the parabola in W. 
Draw the oichnate IP# to the diametei PV Join $ P 
Then QO Q'() = QY' 2 -OV 1 |Eue ii. 5 

[Euc i. 34 

= 4 SP PV - *SP iPR [Prop. 16. 
-4 SP PV 
— 4*S IP OW 

Similarly qO . qO = 4 Sp . OW , 

QO . Q O : qO q’0 = 4fSP 4<S ip 


For riders see p. 26. 
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Prop Xlt 

1 f the poini O he on the direetnx, shew fiom the construction that 
tiie tangentb mteisecifat iigl>_ angles 

2 Find the point 0 so that the figure mav ho a p.ualleloguun 

Prop XIII 

1 If a thiul tangent he diuwn tutting OQ, OQ' in R and ,mwh that 
the eircle which cncumscnbes the tiiangle OUT will pass thiough ,S 

2 What is the locus of the focus of a paiabola which touches throe 
given straight lines 9 

• 

3 A parabola touches each of four stiaiglit lines given in position 

Gi\e a Geometrical constiuction for linding its locus * 

4 Prove that OS is a mean pioportional between OQ anc^ OQ' What 

pievious pioposition is a paiticular case of this 9 * 

5 Two tangents to a paiabola find the point of contact of one of them 
aie given Shew that the locus of the focus is a circle passing thiough the 
given point of contact and the intei section of tho tangents, and touching 
one of them 

0 The straight line winch bisects the angle QOQ' between tho two 
tangents meets the axis in Ji Show that SO ~ SR 

Prop XI\ 

1 Tho ( licle on an> focal chord as diameter touches the duectux 

2 The noimals at the extremities of a focal (hoid niteisect on the 
diametei which bisects the choid 

3 Given two tangents and then points of contact, to find the focus and 
dnectnx 


Prop XV 

1 Tangents at the extienuties of all paiallel chouls meet on the same 
straight line 

2 A parabola being traced on papei, find its axis and directrix 

3 If chords make an angle of 45° with the axis, tho line through their 
middle points passes thiough an extremity of the latus leetum 


Prop XVU. 

1 If Ql) be drawn perpendicular to ()V, Q1Y 1 ~AAS PV 

2. If TPV is diameter at P, QV an ordinate, and QT tangent at Q , and 
if QV — TV, shew that T is on the directrix 

3 Any chord L VL f is drawn through V, and LM, L'M' are the ordpiatea 
af LV drawn to tae diameter PV. Prove that LM V i . 
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PARABOLA. 


4. If from the point of contact of a tangent to the parabola a chord be 
drawn, u,nd another line be diawn parallel to the axis, meeting the tangent, 
curve, and chord, this line will be divided by them in Lie same ratio as it 
divides the choid 

5 Draw a chord of a paiabyla through a gnen point, so as to be cut in 
a given latio at the point 


Prop XVIII 

1 To uraw a focal choid PSQ such that SP = HSQ 

2 If a diameter meet the directrix m O, 0 S' is perpendicular to the 
chords bisected by the diametei. 


Prop XIX 

1 The semi latus rectum is a haimonic mean between the segments of 
any focal chord 

2. If QV be an ordinate to the diametei PV, and pv meeting PQ in v 
be the diameter conjugate to PQ , then pv=iPV 


ORTHOGONAL PROJECTIONS. 


])EF I If from any point a perpendicular be drawn 
to a fixed plane, the foot of the perpendicular is called the 
projection of the point, and the fixed plane is called the plane 
of projection. 

II The piojection of a line, straight or curved, is the 
aggregate of the projections of its points, that is th’e locus 
of the feet of perpendiculars, drawn from points on the line, 
to the plane of projection. 

III. v The projection of an area is the area contained by 
the projection of the line or lines containing the given area. 

IV. The straight Jine, in which the plane, containing 
a given curve, intersects the plane of projection, is called the 
base line. 



ORTHOGONAL PROJECTIONS. 
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Proposition a 


The projection of a straight line is a straight line . 



Then the perpendiculars pP, qQ, Rr, sS will lie in one 
plane pPU (Euc XI 6, 7) which intersects the plane of pro- 
jection in a straight line UP (Euc XI 3). 

Hence the projection of Up is the straight line UP, and 
they intersect in a point U on the base line. 

Proposition /3 

The ratio of the segments of a finite straight line is 
unaltered by projection . 

Let pqrsU be the given straight line, and PQkSU its 
projection. 

Then pP, qQ, rR , sS are parallel" because they are all 
perpendicular to the plane of projection, and they are all in 
the isame plane PUp ; hence th£ segments PQ, QR, US* are 
in the same ratio as pq, q~, rs (Euc VI. 2). 




28 


ORTHOGONAL PROJECTIONS. 


Proposition 7 

Paiallel & tiaight line .> project into parallel straight lines 
of proportional length . 



Let pqTJ, rs V be two parallel straight lines, meeting the 
base line in U and V } and let PQTJ , RSV be their projections 

pP and rR are parallel, [Euc XI. 6. 

pq and rs are paiallel , ' [hyp. 

the plane UpP is parallel to plane ViR . [Euc. xi 15. 
Hence PQU is parallel to RSV. [Euc. xi, 16. 
Again, ti iangles p t/P, r VR aie equiangulai, [Euc XI. 10. 
• PQ pq = PU.pU, 

= RV .rV, 

-RS : rs. 

Obs. — T his ratio PU . vU -cos vUP> 
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Proposition 8 


A tangent projects into a tangent , cutting the base line in 
the same point 



Let pp be two points on a curve near to one another, 
then their projections PP' lie on the projection of the given 
curve 

Let p move np to and coincide with p } so that pp' 
becomes a tangent to the given curve 

Then P' moves up to and coincides with P, and PP' 
becomes a tangent to the projection of the given curve. 

Also these straight lines moet the base line in tlie samo 
point (Prop, a) 


ORTHOGONAL PROJECTIONS. 
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Proposition ? 

The ratio of ineas id unaltered by jyfyjection 



Case 1 Let pqrs be a rectangle, having two bides pip id 
paiallel to the base line, and let PQliS be its projection ; 
produce ps , qr to meet the base line in V , V. 

Area PQRS area jyqi d = PQ x PS pq x ps, 

= PS * /w, 

= PU pU 

Now this latio (which is equal to cos a, if a be the angle 
between 'the original plane atid the plane of projection) is 
independent of the length and bieadth of the rectangle; 
theiefore all such lec tangles are diminished by projection m 
the same proportion, and all such rectangles drawn m the 
original plane bear the same* ratio to one another as tbeir 
projections do 



ORTHOGONAL ^ROJ LOTIONS 


m 


Cane 2 But a figure of any shape may be di\ide(^ intxf 
a large number of nanow strips In lines peipendicnlni to 



the base line, and each of these strips will fonn one of these 
lectangles, with two small areas at each end, now the sum 
of these lectangles beais to the sum of their ptojections a 
constant latio, also by mci easing the number of rectangles 
^nd decreasing then width the difference between them and 
the given aiea may be indefinitely diminished, lienee an area 
of any shape is diminished by projection in the same^ratio 
(1 * cos a) and all a^eas in the original plane bear the same 
latio to one another as their projections do 
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ORTHOGONAL PROTECTIONS. 


Proposition f 

1 he projections of two straight lines right angles to one 
another me lines at right angles td one another , if one of the 
original lines is parallel to the base line 



Let ps , sr be two straight lines at light angles to one 
another, of which sr is parallel to the base line U V Let 
PS, SR be then projections Since sr is parallel to UV, it 
does not meet the plane of projection PSUV, hence sr does 
not meet SR , also sr, SR are m the same plane, therefore 
they aie parallel to one another. 


But SR is at right angles to Ss, 
therefore sr is at right angles to Ss 
also sr is at right angles to ps, 

sr * is at right angles to the plane psUSP , 

. . SR is at light angles to the plan^ psUSR, 
and PSR is a iight f angle 


[Euc. i 20 

[hyp- 
[Euc. xr 4. 
[Euc xi. 8 


t Note. The projection of a *nghfc angle is not a right angle, unless one 
of the arms of the original angle is parallel to the base line. 



ELLIPSE. 


u&t 1 Aft ellipse is the locus of a point ( P ) whose 
distance from a fixed point (S) bears a constant ratio (e), 
loss than unity, to its distance (PM) from a fixed straight 
line (XM), 

(SP^e.PM) 

ir The fixed point ( S ) is called the focus. 

Ill The fixed straight line ( XM ) is called the directrix . 
iy. The constant ratio ( e ) is called the eccentricity 
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ELLIPSE. 


Proposition I. 

Construction for points on the ellipse 
The perpendicular on the directrix through the focus is an 
axis of symmetry . ' 

To find the veitices A and A'. 



From the focus 8 draw 8X pcrpendiculai to the direetux. 
Divide X8 in A> so that 

8A=e AX , 
also in X8 produced take A' so that 

SA' = e.A'X 

Then A and A 1 aro points on the curve 

Take any point N on the straight line A A\ with centre 
8 and radius e. XN describe a circle ; through N draw PNP r 
perpendicular to AA' and cutting the circle in P and P y 
then P and P t are points on the ellipse Draw PM, PM' 
perpendicular to the directrix, 

SP **e.XN=e.PM, 

SP' = e.XN=e.P'M'. 

Corresponding to any point XT on the l : ne AA\ we thus 
gettwo points P and P at equal distances on opposite sides 
of AA f ; nence the ellipse is symmetrical with respect to AA\ 
or|4 is an axis, and the points A and A f are vertices. 

Note. It may be proved that the circle intersects the perpendicular NP f 
when N is any part of the axis AA between A and A\ but not when N lies 
outside the part AA\ hence the ellipse lies entirely between lines draw 
through A and A f at right angles to the axis. See Appendix. 

For riders see n. 37. 
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Proposition II. 

If the chord PP' intersects the directrix in K, SK bisects 
the exterior angle between SP and SP'. 



Join SP, SP', SK ; produce PS to and draw PM, 
P'M' perpendicular to the directrix. 

Then SP = e.PM, 

and SP' = e . P'M ' ; 

. . SP • SP' = PM : P'M' 

= PK • P'K, 

by similar triangles PKM , P'KM'. 

Therefore bisects P'$p (Euc vi a ) 


Prop. II. 

1. PSP* is a focal chord. Prove that XP and XI\ are equally" inclined 
to the axis 

2. PSP X is a focal chord. PA, P X A are produced to meet the directrix 
in K and K x respectively. Prove that K8K X is a Sight angle. 

S; Two chords PQ, P'Q meet the directnx in p, p' respectively. Proves 
that the angle pSp‘ is half the angle PSP 1 . 

4. If the focus of an ellipse and two points on the curve be given* Jthe 
directrix will pass through a fixed point. 


9—2 
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ELLIPSE. 


Def. If the axis through the fc3us ( S ) meets the ellipse 
at A and A\ AA' is called the major axis. 

Def Bisect A A' in 0, then 0 is called the centre of 
the ellipse. 

Def The double BOB', dra<vn through (7, is 

called the minor axis 

j* ^Proposition III. V 

If PN is the ordinate of a point P on the ellipse, 

PN 2 • AN A'N = CB 2 : CA 2 , 
and CE is less than CA. 



Join PA, A P, and produce them to meet the directrix 
at K and K'. 

Join SP, SK, SK', and produce PS t<j p. 

By similar triangles PAN, K AX, 

PN : AN - KX i AX. 

By similar triangfes PA'N , K'A'X, 

PN : A’l^-K'X : A'X , 

.-. PN* : AN . A'N = KX . K’X : AX. A’X. 
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But §K bisects tbe angle ASp, [Prop 2 

and SK' bisects tbe angle ASP, [Pi f op 2 

KSK' is a right angle ; 

. . KX . KX = &T ; [Fine. vi. 8 

. pm ■ AN . A'N = SX 2 3 AX AX. 

Similarly, since P may coincide with B, 

BG 2 : ACA = SX‘ : AX. AX, 

. Pm : AN.A'N=BC* • AG\ 

Again, BG 4 : AO 4 = SX 1 : AX. A'X. 

Now SX = AX + SA=AX( 1+e), 

also SX = AX - SA' = A X (1 - e), 

•. £X 4 = (l-e 4 )AX.AX<AX AX; 

.. BG < AC. 


Prop. I 

1. If a parabola and an ellipse have the same focus and directrix, the 
parabola lies entirely outside the ellipse. 

2. A point P lies within, on, or without the ellipse, according as the 
ratio SP . PM is less than, equal to, or greater than the eccentricity, PM 
being the perpendicular on the directrix. 

3. Any chord PQ of an ellipse meets the directrix in R Prove that 

SP • PR=SQ . QR. 

4. A straight line meets the ellipse in P, and the directrix in R. From 
A", any point m PP, KU is drawn parallel to SR , to meet SP m U, and Kl 
perpendicular to the directrix. Prove that SU=e. KI. 

Prop ,111. 

1. If PM be drawn peri endicular to BCB\ prove that 

PM 1 : BM . B'M= CA 2 : J7P 2 . 

2. P, Q are two points on an ellipse. AQ, A'Q cut PiV or PN produced 
in L^md M, Prove that PN 2 = LN . MJt. 
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,t Proposition JV 

If the ordinates of the circle described on r A A' as diameter 
e reduced in the ratio of CA : CB ,*the locus of their extre- 
uiities is the ellipse. 

(PN . pN=CB : CA). 



Let ApA f be the circle described on A A' as diameter, 
and NPp the ultimate of p , meeting the ellipse at P. 

PN 2 : AN A'N=CB* : CA\ [Prop. 3. 

But j)N * = AN A'N ; [Euc m. 3 and 35. 

• PN* : pN*=Cff . C A*, 

PN : pN = (7# : (LI q e. d. 

13 EF I. The circle described on A A' as diameter is called 
the auxiliary circle. 

II. The points p and P lying on a common ordinate of 
the ellipse and auxiliary circle are called corresponding points 

III. A chord of the ellipse and a chord of the auxiliary 
circle are called cormsponding chords , if their extremities 
are corresponding points. 
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Proposition V 

The projection of a circlip is an ellipse 



Let a pa! be a circle, having its diameter aa parallel to 
the base line, ch the radius peipendicular to aa\ pn a per- 
pendicular fiom any point p to a a\ 

Let APB A' be the projection of the circle apba', and let 
the jpoints A, A', B , (7, P, N be the projections of the points 
a, a, b f c, p , n. 

Then jm* = an . na ; [Euc ill. 8 and 35. 

. . pn 2 . cb 2 — an . no' ca*. 

But pri 2 • cb 2 - PN* • CB 2 , [Prop. y. 

and an . na! . ca 9 = ;liV NA' : CA\ 

\ PA 8 • C/i 8 - ^ iM' : <L4 8 . 

Also PN and CB are perpendicular to A A ! ; [Prop. £ 
therefore the loc^s of P is an ellipse .whose axes are QA, CB. 

[Prop. 3. 

Note. The circle aha! is equal to the a ixiliary circle. The ratio 
CB CA = cos a, where a is the angle of projection. 

The area of the ellipse =rA C . BC. 
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^Ppoposition VI 

The ellipse is symmetrical with respect to the minor accis, 
and has a second focus (S') and directrix. 



Let pmp be a chord of the auxiliary circle, cutting the 
minor axis at right angles m m Take P and P' points on 
the ellipse corresponding to p and p\ and draw the common 
ordinates pPN, p'P'N' , and join PP\ cutting the minor axis 
in M. 

Then pN = p'N' ; [Euc. i. 34. 

.* PN = P N') [Prop. 4. 

therefore PP f is parallel to NJ\ 7 ' and pei pendicular to CB. 

Also, pm ~ p'm ; [Euc. in 3. 

PM = P'M [Euc. I. 34. 
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Hence, corresponding to any point P on the ellipse, there 
is another point P' on the ellipse such that the chord PP' 1 
is bisected at right angles by the minor axis, or the ellipse 
is symmetrical with respect to the minor axis. 



If we take CS' equal to OS, and OX' equal to OX , and 
through X ’ draw a line perpendicular to AA', the ellipse 
can be described with this line as directrix, S' as focus, and 
eccentricity the same as before. 


Prop IV 

1. A straight line cannot meet the ellipse in more than two points. 

2 Of all lines drawn from the centre to the curve GA is tho greatest 
and CB the least. 

8. P and Q are corresponding points on the ellipse and the auxiliary 
circle; through P KPL is drawn making the same angle with the axes 
which CQ does, and cutting them m K and L. Shew that KL is a constant 
length. 

4 PM drawn perpendicular to BB' meets the circle on the minor axis 
as diameter in p\ * Prove 

PM 'p’M=CA : CB. 

5. If the two extremities of a rod slide along two fixed straight lines at 
right angles to one another* any fixed point m the rod will describe an 
ellipse. 

Prop. V. 

Am ellipse may also be itself projected into a circle. 



42 


EL Li PSK 


Proposition VI (Aliter.) 

Lei aba ' be a circle, and A# A' its projection. 




All chords of the eitcle parallel to aa are bisected by cb 

[Euc, ill. 3. 

Therefore all chords of the ellipse parallel to A A' arc 
bisected by CB . [Prop. 7 . 

And CB is perpendicular to chords it bisects. [Prop, f 

Hence the ellipse is symmetrical with respect to the 
minor axis. 

And it may be described with reference to a second focus 
and directrix on the opposite side of the cenlre. 
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V PlKy>OSITION VII 


UA = e.«X; CS = c.CA; CS.CX = OA*. 



■— e. A X, [JM. 

SA' = e A'X [Def. 

By addition 

AA' = e (AX A- A'X) = e (A X + AX') =- eXX ‘ , 


. CA=e CX (a) 

By subtraction 

US’ = e AA', 

CS-e.OA. . (0); 

CS.CX = CA- (y) 


Pbop. VI. 

Given an ellipse and one fvxms, find the centre and the eccentricity. 
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Proposition YHI. 


SP + S'P = A A' 


Mechanical construction yor the ellipse. 



Draw MPM' perpendicular to the directrices. 
•Then SP = e PM, 

ami / S'P = e . PM' , 

ftoUk " SP + ST^e.MM' 

'^'0 _ g yx ' 

= AA\ 


If an endless string be placed lound two drawing-pins 
at S and S', and kept tight by a pencil point at P, the 
pencil can be made to trace out an ellipse of which S, S' 
are the foci. 


Prop VIII. 

1. If P be any point, SP+S'P is greater than, equal to, or less than 
AA f , according as P is without, upon, or within the ellipse 

2. A circle is drawn entirely within another c**cle. Prove that the 
locus of a point equidistant from the circumferences of these two circles is 
an ellipse. 

8. Two ellipses have a common focus, and their major axes equal. 
Prove that they cannot intersect m more than two points. 

4. Prove that the straight hne^ which bisects the exterior angle bofcween 
PS *vnd PS\ cannot meet the ellinse acram. 
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Proposition IX. 

OB , = CA , -CS* = SA.SA'. 


B 



SB + S'B = AA\ 

[Prop. 8. 

SB = S'B ; 

[Euc, i. 4. 

SB = GA, 

GB , = SB i -GS 1 

[Euc. i. 47. 

= CA a -GS* 

= SA . SA'. 

[Euc. ii. 5. 
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Def. Tho double ordinate through the focus is called 
the latus rectum (L//). 


ly Proposition X. 

The ini latus rectum SL is a third proportional to CA 
and OB. 

SL . CA = CIi\ 


n 



SL' : AS. A’S = CB' ■ C A' [Prop. 3. 

But AS.A'S=CB>, [Prop. D. 

SL' : OB' = Cl? : CA 1 . 

.-. SL : CB = CB ■ CA ; 

.-. SL.CA = OB'. 
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Proposition XL 

If the tangenf at P meets the directrix in Z, PSZ Y<? a 
right angle . 

A ho tangents at the Sids of a focal chord intersect on the 
directrix , 



Take a point P P on the ellipse near to P t and let the 
chord PP' meet the directrix in ]\ } and produce PS to p 
Then KS bisects the angle P Sp. [Prop. 2. 



When P' coincides with P f so that PP'K becomes the 
tangent PZ, P'Sp becomes two right angles ; therefore PSZ 
is a right angle. 

Hence ZSp is a right angle, and Zp is the tangent at p, 
or the tangents at P and p intersect on the directrix. 

1. Tangents at the extremities of the latas rectum intersect in X, 

2. If through any point P of an ellipse QPN he drawn perpendicular to 
the axis, meeting the tangent at L in Q a*d axis in N, QN^SF 

3. To draw the tangent at a given point P of the ellipse. 

4. By drawing the tangent at B , prove CS.CX = CA a . 
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VI Proposition XII. 

If the normal at P intersects the major cuds in G, 
SG-e.SB. 



Draw the tangent PZ , join SZ, draw PM perpendicular 
to the directrix, and join SM. 

ZMP and ZSP are right angles ; [Prop. 11 

therefore the circle, on ZP as diameter, passes through M 
and S. [Euc. ill. 31. 

Since ZPO is a right angle, PG touches the circle. 

[Euc. in. 16. 

Therefore the angle SPG = angle SMP m the alternate 
segment. [Euc. hi. 32. 

Also angle PSG = angle SPM. [Euc. 1. 29. 

Therefore the triangles SPG, PMS are similar; 

.\ SG : SP = SP : PM; 

.-. SG — e.SP 

Prop. XII. 

1. P* is any point on the ellipse^ M a fixed point on the major axis. A 
perpendicular is drawn from M on the tangent st P. Find the locus of the 
intersection of this perpendicular with the radius vector SP. 

2. If GL be drawn perpendicular to SP, the ratio PN : GL is constant* 
and PL = semi latus rectum. 

8. If PG be produced to meet the minor axis in g , gS produced meets 
the directrix in M, the foot of the perpendicular from P. 
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Proposition XI II 

The tangent aiyl normal to an ellipse at any point 1 
lespectiuely the external cyid internal bisecton > of the angle 
between the focal distances , 



Let TPY' be the tangent and PU the noimal, 

SG - e HP, [Prop 12 

and S'G = e tf'P , 

HG S'G = 8P * S'P, 

theretoie PG bibects the angle UPS' [Etic. VL .‘3. 

Therefore the complements tfPT, tf'PY' aie equal, but 
STF= WPT, [Euc. i. 15. 

therefore PT bisects the exterior angle SPW 

Prop XIII. 

1 If SY , the perpendicular on the tangent at 1\ meet S'P produced in 
prove (1) 8Y=SY, (2) SP = Ps 9 (3) S's^AA'. 

If P move round the ellipse what is the locus of * ? 

[Note On account of (1) * is called the image of the focus in the tangent.] 

2 If the tangent and normal meet the minor axis in t and g respectively, 
the circle on gt as diameter passes through P and the two foci 

3. If the normal at P meet the major and minor axes in G and g t prove 

that the triangles SPG, " PS ' are similar. • 

4. SP.S'P=PG > Pij. 

5. No normal can pass through the centre, except the normals at the 

ends of the axes. J „ «. 

6. If a circle be described through the foci of an ellipse, a straight line 
drawn from one of its intersections with tyie minor axis to its intersection 
with the ellipse will touch the ellipse. 

JtBfek 
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irnOPOSITIOIJ XIV. 

The Jeel of the perpendiculars (SY, S'Y') from the foci 
on the tangent at P are on the auxiliary* circle. 

Also if CE, invalid to the tangent at P, intersects S'P 
in E, PE = CA 

Also SY S'Y' = OB' 


w 



Pioducc <S' ' 1 aS')' to meet, in W. Join GY 
In the triangles YPS, VP \\ r , VP is common, right angles 
PYS, PYW arc equal, angle 1TS = angle YPW\ [Pi op. 13. 

.■ SP = PW, 8Y=Y\V, [Euc. I. 2<S. 

and SC = Cl Y, \ S' IP is pai allel to GY , ’ [Euc vr. 2. 

.-. OY^i&W [Euc. Vi. 4. 

= i (S'P + PS) = IAA' [Prop. 8. 
= C A , 

therefore Y is on the auxiliniy circle 

Similarly, Y' is on the auxiliary circle. 

Also YCEP is a parallelogram , therefore 
PE - GY— GA. 

Produce Y'S' to meet the ciicle in y and join Yy 
Then, YY'y being a right angle, Yy passes through the 
centre C, . [Euc. hr. 31. 

SY = S’y, [Euc. i. 4, 

SY. S'Y ' = S'y . S'Y' = AS' .S' A' [Euc. in. 35. 

= GB\ fPron. 9. 


"For riders see page 52. 
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Proposition XV. 

Cofoespondiny chords of the ellipse a ml auxiliary circle 
intersect on the m&jor axis 

ilfoo tangents at corresponding jpoints into sect on the 
major axis. 9 



Let PQ be a choid of an ellipse, meeting the major 
axis in T 

Lot p be the point of the auxiliary circle corresponding 
to P. Join Tp , and produce it to meet the ordinate HQ 
produced m q 

Then qll pX « PT NT [Kuo. vi. 4. 

- Qli PX [Euc. vi. 4. 

. qlt Qli = pX : PX 

= A C : BC, [Prop. 4. 

.* q is the cm responding point to Q, and the correspond- 
ing choids PQ , pq meet the axis m the same point T. 

If Q moves up to and coincides with P, then q moves 
up to and coincides with p , and PT,pT become tangents to 
the ellipse and circle, or the tangents at corresponding points 
intersect on the maior axis 

Pioi*. XV. 

1 rp are corresponding points. Tiio tangent at p meets CD produced 
m K. Prove C’A' . PN= A C DC. > 

2. 0Q y OQ' are tangents to an ellipse. ON is drawn perpendicular fe 
the axis Prove that the tangents to the auxiliary circle at the corresponding 
points q and q f meet in ON. * 

Prove also that if QQ’ produced ~neet the major axis in T, CN . CTxCJ?, 
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Proposition *X VI 

If the tangent at P meets the major ami p> educed at T, 

JJN . CT = (jA* 



Pioduce JVP to moot tho auxiliary cnclo m p, ami join 

pT, P 0. 

pT touches the circle , [Prop XV. 

theiefore (']>T is a right angle , [Kuc ui. 18 
/. CN.(T=Cp l [Kuc. vi. 8 

= ca* 

Pitop. XIV. 

1. To draw a tangent to the ellipse parallel to a given straight line. 

2. If a straight line through C parallel to the tangent intersect the SP t 
$*P distances m E, E\ prove PE — PE'. 

3. Prove also SE = S'E'. 

4. The circle described on SP as diameter touches the auxiliary circle. 

5. SK is parallel to S' P y and YK perpendicular to SK. Shew that the 
parabola having S for focus and K for vertex touches the ellipse. 

6. . Given in position a focus and tangent, and in magnitude the minor 
axis, find the locus of the other fccus. 

7. A chord of a circle which subtend* a right angle at a fixed point 
envelopes a conic whose foci are the fixed point and the centre of the circle* 

8. If a second tangent intersect YPY' at right angles m 0, prove that 

OI\Or=BC*. 

t Hence prove CO i ~ C.I 2 + CB*. [The locus of the intersection of tangents 
at right angles is called the Director Gtrcie .] 
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Proposition XVI ( Ahter ) 



Draw the circle from which the ellipse* is projected, and 


et (', P y T, iV, A be the projections of 
Gy p, ty n y a 

Th(*n pt touches the circle , [Prop. 

therefore cpt is a right angle*, [Euc. III. 18. 
and cup is a right angle , [Prop. f. 

on ct = cj>* y [Euc vr. 8. 

. . C/i ct — ca* , 

. <W.(!T=(!A* [ Prop. 


Pbop. XVI 

1. p is tho point o.i the auxiliary circle corresponding to P. Stj is* 
Lrawn perpendicular tc the tangent at p. # Prove Sy = SP. 

2. Any circle through iV, T. cots the auxiliary circle at right angles. 

B. If CYy AZ be the perpendiculars from the centre and an extremity of 
be major axis on the tangent Jo the ellipse at any point P, shew that 
CA. AZzzCY.AN. 
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ELLIPSE. 


Phoposition XVII. 

If the tangent at P meets the minor axis produced in t, 
and Pji is the perpendicular from P on the minor a.i is 

Cu . Ct = OB*. 



Draw the cirolo of winch the elh])so is the piop'etion 


And let c, 

, p, t\ h, n be the points of which 

(\ P, t, B, n 

the piojections 


Join cp 

Then pt' touches the encle, 

| Pi op. 8. 


theicfore cpt' is a right angle 

[Kuc in. 18 . 

Also 

nip is a right angle , 

[Pi op. f 


.* cn' . ct' = cp* 

[Euc. VI. 8. 





/. Cn . a = CB\ 

[Prop. 0. 
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Proposition XVIII. 

If the normal at P meefit a line through C parallel io the 
tangent at P in F, and the minor axis in g, then 

PF P«’= CIV and PF.Pg = CA 8 



Draw PXli, Pnr perpend iculai to tlie axes meeting CF 
in Ii and ?\ and let the tangent at P meet the axes at 
T and t. 


Since the angles at X and F aie right angles, a circle can 


be described through GNU and F , 


[Enc III m 


PF PG = PN PH [Euc. in. 36 
- On Ct [Euc r 34. 

= 01 f. [Prop. XVII. 


Similarly 


PF.Pff~Pn.Pr 
= ON .CT 
= CA*. 


[Euc. i. 34. 


Phop. XVIII. 

1. If from g a perpendicular gK be dropped on dp or S'P, prove that 

PK = CA . 

2. If the tangent at P meets the major axis in T, then CF . PT is equal > 
to the product of perpendiculars fron. the foci on the normal at P. 
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ELLIPSE. 


I s ! Proposition XIX 

GN : CN = CB 2 : CA 2 . 
Also CG = e 2 CN. 


n 



Produce PG to meet the minor axis at g, and diaw GF 
paiallel to the tangent at P, meeting Pg at F. 

Then GN : GN = PG : Pg [Euc vi 2. 

= PF, PG : PF.Pg 
= GIF : CA 2 [Prop xvm 

Also GN-GN GN — CA* — GW . CA* , 

GG : GN=CS 2 : CA* , ' [Prop. ix. 

.-. GG - e l . CN. [Prop. vii. 

Prop. XIX.. 

1. If the tangent and normal at P meet the major and minor axes 

respectively m T, t, G, g, prove * 

(a) CG. dr=C&, 

(b) Cg Ct=CS\ 

(c) Tg, tG are at right angles. 

2. ' Prove NG . CT—CB 2 . 

3. From this proposition deduce the corresponding proposition for the 

parabola, viz. Ntl-ZAS 

4. Find a point P on the ellipse such* that PG bisects the angle between 
CP and PN. 
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1*> Proposition XX. 

If from any point 0 on the tangent at P, 01 is drawn 
'perpendicular to the directrix, and OU perpendicular to SP, 
then SU = e 01 (Adams's property.) 




+ 


Join SZ t and draw PM perpendicular to the directrix. 
ZSP is a right angle ; [Prop. XI. 

\ ZS is parallel to OU; 

\ SU : SP = ZO : ZP [Euc. vi. 2. 

- 01 : PM, [Euc. Vi. 4. 

but SP^e.PM; 

/. SU^e.OI. 

* If the tangent at P meet the directrices in Z, Z\ the perpendiculars from 
Z and Z* on SP intercept a part equal to A A'. 
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Proposition XXI 

To draw a pair of tangents OQ, OQ' to an ellipse fiom 
an external point 0. 



Di aw 01 perpendicular to the directrix 

With centie S, and radius e 01 describe a cncle, and 
draw the tangents OU, 0U\ [Euc in. 17 

Draw SZ peipendicular to SU , meeting the diiectrix in 
Z ’ Join ZO, meeting SU in Q. /I) raw r yTIT^peipPndicular 
to the directrix. [Euc vi 2. 

Then SQ SU^QZ.OZ 

= QAT or, 

SQ : QN = SU • 01 = e 1; 
therefore Q is on the ellipse. 

And since QSZ is a right angle, OQ touches the ellipse. 

[Prop. 11. 

Similarly a second tangent OQ' may be drawn. 
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{Second Method.) On OS as diameter describe a circle 
meeting the auxiliary circle m V and Y'. Then SYO is a 
right angle [Euc III ‘1 1 ], and OY touches the 1 ipso [Prop. 
XT V ] Similarly OY' touches the ellipse 



{Third Method.) With centre 0 and radius OS describe 
a circle, and with cen.re S' and radios A A' describe a second 
circle intersecting the first in U and U '. Join S' U, S'U' 
meeting the ellipse in Q and Q, then 

angle OQU = angle OQS , [Euc. i. 8. 

and OQ touches the ellipse. [Prop. xiH. 

Similarly OQ' touches the ellipse. 
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Proposition XXII 


Tangents OQ, OQ' c subtend equal angles OSQ, OSQ' at 
the focus S. 



Draw OU, Oil', 01 perpendicular to SQ, SQ\ and the 
directrix. Join OS. 


Then SU -e.OI [Prop. XX 

= SU ' , [Prop. xx. 

OU^OU', [Euc. i. 47. 

OSU — OSU', [Euc 1.8. 

OSQ = OSQ'. 


Prop. XXII 

1 . QQ f produced meets the directrix in K , prove that OSK is a right angle. 

2. Tangents at the extremities of a focal chord meet the tangent at the 
vertex in T x , T 2 , prove A T x . A 1 \ = A S 2 . 

8. OQ, OQ! are two fixed tUngents to an ellipse. A variable tangent 
inter seots them in q, q\ Prove that the angle qSq' is constant. 

4. Normals at the extremities of a focal chord meet in W , and the cor- 
responding tangents m Z. Prove that ZW passes through the other focus. 

5. OQ, OQ * are tangents from 0, and OS meets QQ f in R RZ, parallel 
to the axis, meets the directrix in Z. Shew that QZ and Q*Z are equally 
’inclined to the axis. 
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Proposition XX 1 1 1 

Tangents OQ, JQ' are inclined at equal angles to OS, 
OS'. 



Join SQ, SQ', S'Q, S'Q' :uid produce S'Q' to W, and let 
SQ' meet S'Q in K. 

Then angle S'OQ' = OQ' W - OS'Q' [Euc. i. 32. 

= iSQ' W - kQS'Q' [Props, xm., xxii. 
= \S'KQ\ [Euc. i. 32. 

Similarly SOQ = \SKQ, 

\ SOQ = S'OQ' [Euc. i. 15. 


Pnor. XXIII. 

1. Given two tangents to an ellipse and one rfeus, find the locus of the 
centre. 

2. On OQ, OQ’, lengths OR, OR are taken, equal to OS, OS’ respectively. 
Prove that RR is equal to the major axis of the ellipse. 
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Proposition XXIV*. 

The locus of the miadle points of any system of parallel 
chords of an ellipse is a straight line passing through the 
centie, and the tangent at either end of the straight line is 
parallel to the chords 




Draw the cticle whose projection is the ellipse. The 
middle points of the system of parallel chords of the ellipse 
are the projections of the middle points of a system of 
parallel choids of the circle. [Props and 7. 

In the circle these middle points lie on a straight line cv 
passing through the centre c. [Euc. III. 3 . 

And the projection of cv is a straight line GV passing 
through the centr6 G of the ellipse [Prop, a 

In' the circle the tangents at either end of cv are parallel 
to the chords, because they are all perpendicular to cv 

[Euc. in. 3 and 1G. 

Hence in the ellipse the same is true. [Props. 7 and 8. 

Def. The locus of the middle point of a system of 
parallel chords is called a diameter . 

Note The words diameter and axis arl frequently used to denote the 
length of the portion of {he diameter or axis intercepted by the curve. 

Def. The half ( QV ) of a chord (QQ') which is bisected 
by a diameter ( GP ) is called an ordinate to the diameter . 
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'Proposition XXV. 

Tangents at the ends of any chord meet on the diameter 
which bisects the chord 




Let OQ, OQ' be the tangents, join CO, meeting QQ' in V. 

Draw the circle whose projection is the ellipse, and let 
0, Q, Q\ C, V be the projections of o, q , q , c, v Join cq , cq'. 


Then oq, oq' touch the circle , [Prop. & 

oq = oq , [Euc. in. 36. 

* angle ocq — angle ooq , [Euc. I. 8. 

.* qv = q'v ; [Eue. I. 4. 

.. QV=Q'V. [Prop. # 


PlWi*. AA V 

1. The tangent at a point P of an ellipse meets the tangent at A m Y. 
Shew that CY is parallel to A’P. 

2. If CP meets the directrix in Z , ZS perpendicular to QQ\ 
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Proposition XXVI 

QV is an ordinate of the diameter CP ; if the tangent at 
Q meets the diameter CP produced; m O, then 

CV CO = CP“ 



Draw tlie ciicle whose projection is the ellipse. Let 
c, q, o , p , v be the piojections of C, Q, 0, 1\ V. Join cq and 
produce qv to meet the circle at q. 

Then oq is a tangent, [Prop. 8. 

qq' is bisected at v, [Prop. y8. 

.* cvq is a right angle, [Euc. hi. 3. 

and cqo is a right angle, [Euc. Ill 18. 
’ cv .co = cq*, [Euc. vi. 8 

. cv .co = cp*, 

CV. CO = Cl* [Prop. fl. 


Piop. XXVI 

1. VR parallel to PQ meets CQ in li. Prove that PR is parallel to the 

tangent at Q. t 

2. The tangent at any point P of an ellipse meets the equicon jugate 
diameters [see page 66] in T apd T\ Shew that the triangles TCP , TCP 
are in the ratio CT* : CT\ 
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Pro pos i x i()N XXVI (Aliter) 

the tangent at P meeting (^0 in R 
PW paiallel to OQ meeting QV in W 

’Q, RW 



en PRQW is a parallelogram, 

* RW bisects PQ, 

RW passes through the centre, [Pi op. 25. 
by similar triangles 
CV CP = GW : CR 
= CP . CO , 

CV . CO = CP 


* the corresponding proposition in the parabola? Apply this 
ot proof to it. 

proof is due to the Master of St John’s College, Cambridge 



66 


ELLIPSE. 


Proposition X^tVII. 

If OP bisects chords parallel to CD, thei< 
parallel to CP 



Diaw AQ paiallcl to CD meeting CP in V, 
then AQ is bisected at V. 

Join A'Q cutting CD in W 
Since AQ is bisected in V 

and A A' in C, 

.A'Q i parallel to OP 
And CD is parallel w > A Q, 

and A A is bisected in C, 

A'Q is bisected in W , 

. , CD bisects the chord A'Q which is parallel to. Cl 
. . CD bisects all chords parallel to CP. [Prop 

Def. * Two diameters which are so i elated that t 
bisects chords parallel to the other are galled conjtu 
diameter. 

NB. # The tangent at P is parallel to CD anc\ the tangent at 1) 
parallel to CP [Prop i 


Prop. XXYII. 

1. To draw the equiconpigate diameters of the ellipse 

2. The focus is the centre of perpendiculars of the triangle formed by 
two conjug&ttiudlametcrs and the d 
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Proposition XXVlII 


Conjugate diameters in the % ellipse are the projections of 
diameters in the circle at right angles to one another 





Let CP, CD be conjugate diameters Draw a chord 
QVQ' parallel to CD and bisected at V. Draw the circle 
whose projection is the ellipse and let D, Q , P, Q\ V, C be 
the projections of d , q, p , q, v , c 

cd is parallel to qq', [Prop 7 . 

and qq is bisected at v, [prop. 

cv is perpendicular to qq\ [Euc. III. 3. 
cp is perpendicular to cd 

Note Numerous metrical properties of conjugate diameters may bo 
deduced from this proposition by the mpthod used in Prop, xxx , e g.* 

1. P'CP , CD are two conjugate diameters, R any other point on the 
Ellipse. PR, FR meet CD or CD produced m T, t. Prove CT , Ct = CD % . , 

2. If CP t CD, CQ , CR be two pairs of conjugate diameters, and if the 

igent at P meet CQ, CR produced m T t : then PT . CD". 
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1)ef. Chords (QP, QP '), which join any point ( Q ) on an 
ellipse to the extremities of a diameter {POP) aie called 
supplemental choi ds 


Proposition XXIX. 

Supplemental chords are parallel to conjugate diameters . 



Draw the diameters CL, CM parallel to the supplemental 
chords P'Q, QP cutting them in V and W 

Then PV : VQ = PC . CP', |Euc vi 2. 

PV=VQ, 

\ CL bisects all chords parallel to PQ, [Prop. 24. 
that is parallel to CM \ 

Similarly CM bisects all* chords parallA to CL 
CL, CM are conjugate diameters 

The diagonals of any jjarallelogram cucumsonbed to an ellipse are eon- 
jugate diameters. 
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Proposition XXX 

QV is an ordinate of the diameter POP', CD the diameter 
parallel to ^Y, then 

QV 2 :PV P'V = CD 2 CP 2 . 





Draw the circle whose projection is the ellipse, and let 
P, V } 0, P', Q, 1) be the projections of_p, v, c, //, q, d 

Since CP, CD are conjugate diameters 

pcd is a right angle [Prop. 28. 

But qv is parallel to cd [Prop. 7* 

Hence qv is perpendicular to cp, 

. qtf—p V # p' Vf [Euc. ill 3 and 35. 
qv 2 . pv . pv = ccP . cp 2 , 

but : cP = QF 2 : CP 2 , [Prop. 7. 

p„ . pv : c/ = P V • P' F CP 2 , [Prop. 7. 
. QV 2 PT 7 . P'F = CP 2 CP 2 . 

On QV or QV pioduced is taken a point 11, such that VR : VQ — CP* CD. 
Shew that the locus of R is an ellipse, and find th^ position of its sgp. 
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Proposition XXXI 

In the triangles CPN, CDR, CR : PN = OA . CB 
and ON : DR = C A • CB 



Draw the auxiliary circle. 

Produce NP , 111) to meet it in p and d. 

Join Cp, Cd and draw the tangents pT, PT to the circle 
and ellipse respectively, intersecting on the axis [Prop. 15. 
Then P T is parallel to CD, [Pi op. 21. 

the triangles TNP } CRD aie similar, 

\ TN CR = AT • RD = A Tp Rd, [Prop. 4. 
and the angle TNp — the angle CRd 3 
\ tiiangles TNp, CRd are similar, [Enc vx G. 
/. pT is parallel to Cd, 

.*. the angle pCd = angle CpT = a right angle, 
therefore the angles NpC, dCR are equal, each being the 
complement of angle pGN, 

the triangles pNC, CRd are*equal in all respects* [Euc. I. 26. 
1 ,\pN=CR. 1 

But ptr : PN=CA : CB, 

..CR:PN=CA : CB 
CAT : DR = CA : CB. 


Similarly 
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Proposition XXXII 
CP a + CD 2 = CA* + CB 2 



Draw the auxiliary circle. 

Produce NP, RD to meet it in p and d 
Join Cp, Gd 

Then DR 2 : ON 1 = CJP GA\ [Prop 31. 

md PN 2 ■ OR 2 = Off : GA\ [Prop 31 

. . DR 2 + PN 8 : CN* + GR 2 = CB* : CA\ 

But CN 2 + GR‘ = CN* +pN 2 = GA*, [Prop 31. 

DR 1 + PN * = OB* 

Now CP 2 + GD 1 = GR* + CN 2 + DR 2 + PN' 2 

= GA* + GB 2 

Prop XXXI. 

If the tangent at P meet the major axis in T , and if Q be the foot of 
he perpendicular from C on the tangent, prove that 
CQ QT CT*=--CN PN-CD 2 
Prove (a) PG . CD = CB • GA , 

}b) Pg : GD = GA CB , 

{c) PG Pg — d 2 . 

* Prop. XXXII 

1. Finu me greatest and least values of the fium of a pair of conjugate 
liameters. 

2. ^CP, CD are conjugate diameters.* If PG, Dll be the normals at P 
.nd D, prove that PG 2 +DH' 2 is constant.* 
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\i Proposition XXXIII , 

The area of the parallelogram formed by tangents at the 
extremities of a pair of conjugate diameters is constant 

PF OD = CA.CB 



4 


Let QRST be the cncu inscribing parallelogiam, 
then its sides are parallel to OP or CD [Prop. 24. 

Draw the circle, whose projection is the ellipse, and let 
p, c , d, q , r, &c. be the points whose projections are P, (7, D, 
Q, Ry &C. 

Than pcd is a right angle, because CP, CD are conjugate 


to one another, [Prop. 28. 

qrst circumscribes the circle, [Prop 8. 

and its sides are parallel to cp or cd , [Prop 7- 

hence qrst is a square, equal to the square on the diameter 
and constant in area. 

Hence QRST is also constant [Prop. €. 


Again this paiatlelogram is equal to 4 PF . CD, but if 
CP, CD are the axes, the area is 4CA . CB , 

..PF.CD = CA . CB. 
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Proposition XXXIV, 

If two chords of an ellipse intersect , the rectangles con- 
tained by their segments are as the squares of the parallel 
sew? -diameters. 



Let QOQ\ UOU' be the choids and Cl\ OR the parallel 
semi-diameters. 


Draw the circle whose piojection is the ellipse, and let 
q, o, q, &c be the points whose projections are Q , 0, Q\ &c. 


In the circle qo 

oq — uo . 

on. 



[Euc hi. 35, 

and 


o 2 

cp - cr , 






• 

qo oq uo oil 

= cp" 

Cl 1 , 


but 

qo 

oq * cjf = 

QO. 

OQ' 

cr\ 

[Prop. y. 

and 

110 

on! cr 2 = 

UO 

oir 

CR\ 

•[Prop y 


QO 

oq . UO 

0 U' = CP' 1 . OR 1 




Paor 

XXXIII 




1 PG . Pg — CD 2 . (See Prop 18) 

2. SP.S'P=CD 2 . 

3 CD . SY=BC SP 

4 CD is conjugate to CP If DQ bo drawn parallel to SP , and CQ 
perpendicular to DQ, prove that CQ is equal to the semi-axis minor. 

5. From D tangents are drawn i»o the circle on the minor axis as 
diameter. Prove that these tangents are parallel to the focal distances of- P. 
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Prop. XXXIV 

1 Tie tangents to an ellipse from an external point are proportional 
to the parallel semi -diameters 

2. If a circle mtersoct an ellipse in four points, the chords of inter- 
section are equally inclined to the axis 

3 If a circle touch an ellipse at the points P and Q, shew that PQ is 
parallel to one of the axes. 

4. Deduce Prop. 3 and Prop. 30 from Prop 34. 

5 If PQ , PQ' aie chords equally inclined to the axis, piove that the 
circle circumscribing PQQ' touches the conic at P 


HYPERBOLA. 


Def A hyperbola is the locus of a point (P) whose 
distance from a fixed point ($) beais a constant ratio (e), 
greater than unity, to its distance {PM) from a fixed straight 
line (XM), 

(SP = e PM) 

The fixed point ( S ) is called the focus 

The fixed straight line {XM) is called the directrix 

The constant ratio {e) is called the eccentricity . 
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Proposition i 

Construction fat' ‘points on the hyperbola 
The perpendicular on the directrix tluouyh the focus is an 
axis of symmetry. 

To find the vertices A and A' 



From the focus S draw 8X perpendicular to the directrix. 
Divide X S m A, so that 

SA^eAX, 
also in SX produced take A' so that 
8A' = e A'X 

Then A and A' are points on the cune 

Take any point N on the stiaiglit line AA\ with centre 
8 and radius e XX describe a circle, through A r draw PXP' 
perpendicular to A A' and cutting the circle in P and P\ 
then P a,nd P f are points on the hyperbola Draw PM, P'M ' 
perpend/icular to the dnectrix, 

SP = e . NX — e . PM. 

SP' — e NX = e . P'M' 

Corresponding to any point N on the line AA\ we thus 
get two points P *$id P' at equal distances on opposite sides 
of AA '\ ; hence the hyperbola is Symmetrical with respect to 
AA\ ojr AA' is an axis, And the points A and A f are vertices. 

Notja It may be proved that the circle intersects the perpendicular 
NP, w \jien N is m any part of the axis AA\ except the part between A and 
A\ heJice the hyperbola lies entirely outsrfle the lines through A and A' per* 
pendiomlar to the axis but it is infinitely extended m both directions /see 
Appendix). 
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HYPERBOLA. 


proposition II 


If the chord PP 'intersects the directnu bisects 

the angle between SP and SP'. 




Join SP, SP', SK: produce PS ‘to p, and dr&jj^p^ 'M' 
perpendicular to the directrix. I'vMmmm 

Then SP = e.PM, 

and SP' = e . P'M'; 

SP : SP' = PM P'M’ 

= PK : P’K, 

by similar triangles PKM, P’KM ” 

Therefore SK bisects P'Sp (Euc. vi. A.) 
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Similarly if P and P' are on opposite brandies of the 
hyperbola SK bisects the angle PSP'. 


Prove that a st line cute the hypeibola in two points only 


Prop I 

1 In any conic, if PR be drawn to the duectrix parallel to a hxed 
straight line, the ratio SP PR is constant 

2. If an ellipse, a parabola, and a hyperbola have the same^focus and 
directrix, the ellipse will be entirely on one side of the parabola, and the 
hyperbola on the other 

3 In any conic a chord through the focus is divided harmonically by 
the focus and directrix 


Prop II. 

♦ 

1. Prove that a straight hue can cut a conic in two points only. 

2 In any conic if two fixed points PP f or} the curve be joined to a 
variable point Q, and PQ , P'Q meet the directrix in p, p\ the angle pSp' is 
constant. 
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Proposition III 


lfV N is the ordinate of a point P on the hyperbola , 
PN 2 AN A'N 

is a constant ratio 



Join PA, PA\ and let them, produced if necessary, meet 
the directrix at K and K'. 

Join SP , SK, SK\ and produce PS to p 
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By similar triangles PAN, KAX, 

PN : AN^kX . AX. 

By similar tnangles PA' N, IP A ' X, 

PN . A'N — IPX . A’X, 
PK l AN A'N = KX . IPX : AX 
But SK bisects the angle ASp , 

and SK' bisects the angle ASP, 

KSK' is a right angle , 


[Piop. 2. 
[Prop 2 


.• KX K'X — SX 2 ; 
PN 2 : AN A'N— SX 2 AX 


[Euc vi 8. 
A'X, 


which is a constant ratio 


DAf Take OB 2 OA* m this constant ratio, drawing 

GB perpendicular to A A' 

I. Then A A' is called the transverse axis 

II 0 is called the centre of the curve 

Hi. CB is called the semi-conjugate axis 

So that PN 2 • AN A'N = CB 2 • OA 2 


PllOP III 

1 PNP' is a double ordinate of an ellipse Find the locus of the 
intersection of AP and A'P'. 

2. In the rectangular hyperbola (page SI) PN--AN . A'N. 

3 PNP' is a double ordinate of a rectangular hyperbola. Prove the 
angles PAP', PA'P' are supplementary > 

4 The tangent at any po^nt P of a cncle meets a fixed diameter .42? 
produced m T. Shew that the straight line through T perpendicular to 
this diameter will cut AP, BP produced in points which lie upon a certain 
rectangular hyperbola. 
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Proposition IV 

If the diagonals oj the rectangle, formed hij perpendiculars 
through the extremities of the axes AC A 7 , BCB', he produced 
indefinitely, and the ouhnate NP he pioduted both ways to 
meet them m p, p', the rectanqle Pp Pp' = CB’ 2 . 

Also the curve continually approaches to each diagonal 
without actually meeting it, and its distance from it becomes 
ultimately less than any finite length 



Let parallels to the axes through A and B meet in R, and 
let Pp meet the curve at P\ 

Then PP', pp are both bisected m N [Prop 1. 

*. pP' —pP 

But pP pF = Np 2 — PN “ , [Euc ii. 5. 

pP p'P=pN K -PN* 
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Now pN* . CN* = AJr a A 2 

= Clf : OA \ 

Again PN 2 AN A'N = OB 2 GA\ [Prop 3 

or PN 2 • CUT 2 - GA 2 = GB 2 GA 2 [Euc. ii 6 

Subtracting pN 2 -PN 2 . GA 2 = GB 2 • GA 2 , 

. pN 2 -PN 2 =OB 2 , 

\ jiP p'P^OB* 

Since the product pP y/P is constant, of which One 
factor jt/P constantly mci eases theieforc ^>P constantly 
diminishes and finally becomes less than any finite quantity. 
And if Pn be drawn perpendicular to OR the ratio Pn : Pp 
is constant, therefore Pn continually diminishes and finally 
becomes less than any finite length 


Def When a curve continually approaches to a fixed 
straight line without ever actually meeting it, but so that 
its distance from it becomes ultimately less than any finite 
length, the line is said to be a rectilinear ^asymptote to the 
curve 

Def. When the asymptotes of a hyperbola are at right 
angles the curve is called the Rectangular Hyperbola. In 
the Rectangular Hyperbola the axes are evidently equal. 
Hence the curve is sometimes called the Equilateral Hyper- 
bola. 


(Note * We shall use the abbreviation k h. for Rectangular hyperbola ) 
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Proposition Y 

The curve is symmetrical with respect to the conjugate 
axis, and has a second focus and directrix 

Also all chotds passing through C aie bisected at 0. 



Draw the ordinate PN and take ON' = ON 

Since P is on the hyperbola, ON is > CA , 

.*. CN'is>CA t , 

theretore a perpendicular through N f will cut the hyperbola. 
Let it cut it in F. 

Then FN* . AN .AN' ^PN : AN. AN. [Prop. 3. 
But AN = AN and AN = AN, 

AN'. AN = AN. AN: 

. PN' 2 = PN , 

PN' = PN 
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Join PP\ cutting CB or CB produced in n. 

Theiefore P'nP parallel to the axis, and theiefore per- 
pendicular to PC, and Pn — P'n 

Hence corresponding to any P on the hyperbola, there is 
another point P' on the hyperbola on the opposite side of 
CB, such that PP is bisected at right angles by CB, or the 
hyperbola is sy in metrical with respect to the conjugate axis. 

If we take CS' equal to CP, and CX f equal to CX, and 
through X f draw a line perpendicular to AA', the hyperbola 
can be described with this line as dnectux, $' as focus, and 
eccentricity the same as before. 


Prop. VI (See page 84 ) 

1 If an asymptote meets the directrix in E, CE — GA , and CES is a 
right angle 

2 If Pp be drawn parallel to an asymptote to meet the directrix in p, 
Pp = SP 

3. Having given the transverse and conjugate axis, find the focus and 
directnx 

4 The circle on A A' as diameter cuts the directrices m the same points 
as the asymptotes 
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EOPOSITION VI. 

SA = e.AX, GA — e , (L\ , GS = e.GA, GA 2 = GS . CX. 



Because A and A ' are points on the hyperbola , 



. . HA = e . AX, 

[Def. 


SA' = e.A'X 

= e.AX' 

[Def. 

By subtraction, 

AA' = e.XX', 



. . GA =e.GX .. . 

• • • («) 

By addition, 

1! 

gQ 

SQ 



§ 

II 

g 

0k 

• • • (£). 


CA‘ - CS.GX 

c 

(7)- 


Note. In this figure the eccentricity is about 2*2, in the figure of prop. 5 
the eccentricity is only 1*1, the student should observe the effect of this on 
the relative positions of S, A , X, and on the general shape of the curve. In 
this figure CJB~2, CA , m the figure of the last proposition CA= 2. CB. 
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Proposition VII. 

S'P ~ SP — A A'. Mechanical constriction for hyperbola. 



Draw PMM' perpendicular on the directrices 
Then SP = e . PM, 

S'P = e. PM ' ; 

S'P~SP = e.MM' 

= e XX' 

= AA\ 


and 
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Proposition VII. ( continued \ 



Hence the mechanical construction, 

aS> 'K is a bar of wood hinged at S', and SPK a string 
stretched tight at P and fastened at S and K . 

S'P + PK = constant, 

also SP + PK = constant, 

. S'P — SP = constant. 


Piior VII 

1. The locus o* the centre of a circle which touches two fixed circles is 
an ellipse or hypeibola. 

2 Given one focus of an ellipse and two points on the curve, the locus 
of the other focus is an hyperbola 


Note. The figures of this chapter have been drawn by using a wooden 
cone cut by a plane perpendicular to the base See prop. 3 of the next 
chapter. 
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Proposition VIII. 


01? = 08 s - OA 3 = SA . 8A 



Ci S' : CA = S/l /IV, [Prop. 6. 

. 08 + OA CA = 8 A + AX : AX 

= 8X : AX (1). 

08 . OA = 8 A' A'X, [Prop. C. 

. 08 - OA : OA = S/1' - A'X A'X 

= 8X A’X . . ..(2). 

Therefore, multiplying (1) and (2) together, 

OS 3 - OA 2 ■ 0A 3 = 8X 3 AX. A'X 

= 01? OA 3 , [Prop. 3. 

OS' - CA 3 - 01? = AS. A' 8. [Euc. n. 5. 


Prop. Till. 


1 In the R H. e=j2, CS°- = 2AC- and CS=9,CX. 

2 If the asymptote meet the directrix in E , and the tangent at the 
vertex m H t SE=BC , and SH is parallel to AE . 
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The latus rectum ( LTJ ^ is the double ordinate through 
the focu>s. 


b Proposition IX 


SL . CA — OB* 




ST/ AS. A' S = Cl? 

CA 2 

[Prop. 3 

But 

AS. A'S = CB/, 


[Prop. 8. 


■ si/ cjp = ci r 

CA 2 ; 



. SL . CR = an : 

CA, 



. SL.CA-Cir- 


Pjop. IX 

1. Prove this Prop, by means of props 6 and 8. 
2 In the r h SL^CA. 
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Proposition X. 


If the tangent at P meets the directrix in Z, PSZ is a 
right angle. 

Also tangents at * the ends of a focal chord intersect on 
the directrix 



Take a point P ' on the hj^perbola near to P , anTl let the 
chord PP f meet the directrix m K , and produce PS to j). 
Then KS bisects the angle P'Sp. [Prop 2. 

When P coincides with P (as in figure 2), so that PP'K 
becomes the tangent PZ , and SK coincides with SZ y P'Sp 
becomes two right angles ; and PtfZ is a right angle. 


Hence ZSp is a right angle, and Zp is the tangent at p, 
or the tangents at P and p intersect on the directrix 


Prop. 

If ZP, Zp meet latus rectum produced in D and d, prove SD — Sd 
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Proposition XI 

If the normal at P intersects the trahs verse ojas in G, 
SC =o SP 



Draw the tangent PZ ’ join HZ, draw PM perpendicular 
to the directrix, and join HM. 

ZMP and ZHP are right angles , [Prop. 10. 

therefore the circle, on ZP as diameter, passes through M 
and & 4 [Euc. ill. 31. 

Since ZPG is a light angle, PG touches the cucle. 

[Euc. ill. 16. 

Therefore the angle SPG = angle HMP in the alternate 
segment. [Euc. III. 32. 

Also angle GSP = angle SPM. [Euc. i. 29. 

Therefore the triangles SPG, PMS are similar ; 

SO <SP= SP : PM; 

• . ' SG = e . SP 
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Proposition i XII. 

The tangent and normal to a hyperbola, at any point P 
are respectively the internal and external bisectois of the 
angle between the focal distances. 



Let TP be the tangent and PG the normal, meeting 
the transverse axis in T and G . 

SG^e.SP, [Prop. 11 

and S'G = e . S'P , 

... SG : S'G = SP S'P , 

therefore PG bisects the angle SPS ' externally. | Eiic.*vt. a 

Therefore the complements SPT, S'PT are equal, and 
PT bisects the angle SPS 1 internally. 

Note. Compare tins with prop 13 of the ellipse 
Prop. XII. 

1. Given one focus of an hyperbola, one point and the tangent at the 
point, find the locus of the other focus. 

2 If an ellipse and hyperbola have the same foci, they intersect at 
right angles. 



92 


HYPERBOLA. 


Proposition XIII. 

The feet of the perpendiculars (SY, S'Y') from the foci 
on the tangent at P are on the circle described on AA .is 
diameter 

Also if CE, parallel to the tanqent at P, intersects S'P 
m E, PE = CA. 

Also SY . S'Y' = CB 2 



In the triangles YPS, YPW, YP is common, right angles 
PYS, PYW are equal, angle YPS = angle YPW , [Prop 12. 

. . SF= YW, SP = PW, [Euc. i 26 
therefore S' IT is parallel to OY, [Euc vi 2 

..CY=iS'W [Euc. vi. 4 

= l(8'P-SP ) 

= \AA’ [Prop 7. 

= (L4; 

therefore F is on the circle on AA' as diameter 
Similarly. Y' is on the auxiliary cucle 
Also YQEP is a parallelogram ; therefore 
PE=CY=OA 

Let Y' S' meet the circle in y and join Yy 
Then, YY'y being alight angle, Yy passes through the 
centre C, [Euc hi. 31. 

SY = S'y, [Euc. i. 4. 

SY.S'Y' = S'y.S'Y' 

= AS'. S' A’ [Euc. in. 35. 

= CB 1 [Prop. 8. 
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Proposition ^IY. 

If the tangent at P meets the transvei se axis in T. 
CN CT = CA S 



Draw PMM' perpendicular to the duectnces 
Join SP, ST 

Then, FT bisects the angle STS'. [Prop 12. 

. ST S'T = SP S'P [Kuo vi A 

= PM . P’M 
= NX ■ NX’-, 

: ST + S'T S'T ~ ST = NX + NX' . iYA"~ NX . 

.• 2 CS ■ 20 T = 20 N • 2 OX, 

GN CT=CS.CX 

= ON 2 [Prop. 6. 

Pnor. XHI 

The riders on page 52 except No. 8 are a&o true for the hyperbola 
Prop. XIV. 

1. Prove prop. 16 of the ellipse by this method. 

2. If Tp be drawn perpendicular to thl axis to meet the auxiliary circle 
in p t prove that Np is a tangent to the circle 

3. Prove ON . NT= AN . NA\ 
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Proposition XV. 

If the tangent at P meets the conjugate axis produced m t, 
and Pn is the perpendicular from P on the conjugate axis , 

Cn . Ct = CB* 



Draw tho ordinate PN. 

Then, by similar triangles, 

TN • CT = PN Ct 
. TN.CN CN . CT = PN* Ct.PN, 

\ TN.CN : CA' J = PN 2 : Ct . Cn. [Prop. 14. 
But TN.CN = CN - CT . CN 

= GN*-GA 2 [Prop. 14. 

= AN . A'N ; [Euc. n 5. 

.• AN. A'N < CA* = PN { : Ct.Cn. 

Therefore, alternately, 

AN. A'N : PN l = CA 8 • Ct.Cn. 

AN. A'N : *PN = CA* : CB 1 , 

:. Ct.Cn = CB 1 . 


But 


[Prop. 3. 
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Proposition* XV J 

Tf PF is the perpendicular from P on a line through C 
parallel to the tangent at P, and if the normal at P meets the 
conjugate axis in g, tJten 

PF PG = OB 2 and JPF . Pg = CA 2 . 



Draw RPN, Pm , ])orpcndiculars on the axes meeting 
OF in It and ?*, and let the tangent at P meet the axes in 
T and t 

Then since the angles at N and F are i lght angles, there- 


fore .a circle passes round GNFR [Euc^ftl 22. 

Therefore PG PF= PN PR [Euc hi 

= Cn Ct = GB\ [Prop. 15. 

Again, because the angles at F and n are right angles, 
therefore a circle passes round gFrn ; 

.\ PFq. Pg = Pn . Pr [Euc. ill. 36. 
= GN CT — CA 2 [Prop 14. 


Note. It will be seen afterwards that the line CFR % referred to in the 
enunciation, is the diajneter CD conjugate to CP. 
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Proposition XV. 

If the tangent at P meets the conjugate axis produced in t, 
and Pn is the perpendicular from P on the conjugate axis, 

Cn . Ct = CB 2 



Draw the ordinate PN. 

Then, by similar triangles, 

TN • CT - PN Ct 
. TN.CN . CN.CT = PN* Ct . PN , 

• TN.CN : CA* = PN* ■ Ct.Cn. [Prop. 14. 
But TN . CN = CN 1 — CT . CN 

= CN'-CA 2 [Prop. 14. 

= AN . A'N ; [Euc. n. 5. 

.* AN. A'N* CA‘ — PN iL - Ct.Cn. 

Therefore, alternately, 

AN. A'N : PN 1 = CA 1 • Ct . Cn. 

AN. A'N : • PN 1 = CA* : CB 1 , 

:. Ct.Cn = CB 1 . 


But 


[Prop. 3. 
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if Proposition *XVI 

If PF is the perpendicular from P on a line through 0 
parallel to the tangent at P, and if the normal at P meets the 
conjugate axis in g, tlten 

PF PG = OB J and JPF . Pg = CA\ 



Draw RPN, Pm, perpend lculais on the axes meeting 
OF m R and r, and let the tangent at I J meet the axes in 
T and t 

Then since the angles at N and F are light angles, there- 


fore^ circle passes round GNFR. [Euc^ftl 22. 

Therefore PG PF = PN PR [Euc hi 35* 

= On Ct = CB\ [Prop. 15. 

Again, because the angles at F and n are right angles, 
therefore a circle pass’s round 'jFi'n , 

.-. PF U . Pg = Pn . Pr [Euc. ill. 3C. 
= CN.CT=CA* [Prop. 14. 


Note. It will be seen afterwards that the line CFB, referred to in the 
enunciation, is the diameter CD conjugate to CP. 
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3,1? Proposition XVII 

r 

NG ON = CB 2 CA 2 and C(i=e s .CN. 



Produce GP to meet the conjugate axis in <j 

Then NG CN=PG Py [Euc vi 2 

= PG . PF . Pcj.PF 
= GB i CA 2 [Prop. 16. 

Again, since NG . CN=GB‘ GA\ 

* GN + NG : ON = CA* + GW GA* 

GG : CN = Cti* . GA 2 [Prop. 8. 

= e 2 : 1. [Prop. 6. 

\ GG = e‘ . CNl 

Prop. XVII 

1. Prove that CG . Cn : Cg . CN=BC- . AC* 

2 In the R. h. prove {af CN =NG, 

lb) PG = Pa=*GP 
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Proposition XVIII 


If from any point O on the tangent at P, OI is diawn 
perpendicular to the direct? la , and OU perpendicular to J5P, 
then SU = e 01 (Aclams’s piopeity) 




Join HZ, and diaw PM perpendicular to the diiectnx 

Then since the angle ZHP is a right angle, ZS is parallel 
to OU 

• HU HP = ZO • ZP 
= 01 MP 
. HU: 01 = ftP MP 
= e 1 
SU — e . 01 


If 0 be a point on tbe> tangent, such that OQQ', diawn perpendicular 
to the transverse axis, meets the curvl m Q and Q f , then SU — SQ and 
OtT ? =OQ . 0Q r . See ellipse prop 20, figure % 

a 
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^Proposition XIX ( 

To draw a pair of tangents OQ, OQ' to a hyperbola from 
an external point 0 



Draw 01 perpendicular to the directnx With centie S 
and radius e . 01 describe a circle, and draw OU ’, OU' tan- 
gents to it from 0. 

Draw SZ perpendicular to SIT meeting the directrix m Z 
Join ZO and produce it to meet SU m Q Draw QN per- 
pendiculai to the directnx 

SQ : SU = QZ OZ 
= QiV * 01, 

. . SQ : QN=SU . 01 ~e : 1; 
therefore Q is on the hyperbola. 

And since QSZ is a right angle, tiierefoYe OQ is the 
tangent to the hyperbola at Q . [Prop. 10. 

So by drawing SZ' perpendicular to SU', and joihing^!j)fe 
and producing it to meet SU' in O ' , OQ' is the other tangent. 

Notp. This problem is solved by the principles of Proposition 18, bnt 
a construction could also be founded on Propositions 1# or 13. 
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Proposition XX. 

Tangents OQ, OQ' subtend eqiqil or supplementary angles 
OSQ, OSQ' at the focus S according as Q, Q' are on the same 
or opposite branches cf the hyperbola. 



Draw Of perpendicular to the directrix 
Join OS, SQ, SQ', and draw OU, OU' perpendiculars on 
SQ, SQ'. 


Then SU=e OI =£11'. [Prop 18. 

Therefore the triangles OS U, OSU 1 are equal in all 
respects J [Euc I 2G. 

Therefore the angle OSU = angle OSU'. 

Therefore, in fig 1 , angle OSQ = angle OSQ' ; 

And, in fig. 2, angles OSQ, OSQ ’ are supplementary angles. 

Note If O lies between the directrices, use the left-hand part of fipr 1. 
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Prop. XX 

1 The portion of any tangent intercepted bet veen the tangents at the 
veitices subtends a right angle at eithei focus 

2. The locus of the centre of the inscribed circle of the triangle SPS' is 
a stiaight line 

3 In any conic the chord of contact QQ ' is divided harmonically by SO 
and the directnx * 


(<& Proposition XXI 

OQ, OQ' are inclined at equal or supplementary angles 
to OS, OS' according as Q, Q' are on opposite or the same 
branches of the hypeibola . 

Case 1 Join SQ , SQ', S'Q y >Sf 'Q' y and produce QS to W, 
iiud lot SQ' meet. S'Q m I\ 



Then, angle SOQ — OSW — OQS [Euc. i. 32 

iQW - i&’Qx [Props. 20, 1 2. 
= iSKQ ' [Euc. i. 32. 

Similarly, S'OQ’ \S'KQ ' . 

•. SOQ = S'OQ' 



Case 2. 


H YI'EIUSOLA 
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SOQ = l, SO' - UMJ-OQ, s' 

= ISO” - 1 QSQ' - )>SQS' 
= ISO” - \SKtf. 

Again, H'Oq = 180° - OQ'X - Of 

=m'x-w *<t 
= , 

HOQ •= 180 ° - 


[Euc i 32. 
[Props 20, 12 
[Euc. i. 32 
[Euc. l 32. 
[Props. 12, 20 
[Euc. I. 32. 



In’ Case 2 the point O lies within one 
of the two angles between the asymptotes, 
which contain the two branchtfc of the 
hypeibola , in Ca^e 1 O lfcs wlfRin on^jaf* 
the ojher two angles between the asymp- 
totes. 

Also the nature of the proof depends 
slightly upon whether O lies between the 
directrices or not. For Case 1 in the text 
the pom# O is between the directrices ; in 
this figure it is not so, and K consequently 
lies in S'Q produced. 

Again, the two positions of O, given in 
prop £0, figure 1, will supply opposite 
examples of Case 2. 
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Def. A hypeibola which has CB and GA for trans- 
verse and conjugate axes respectively is called the conjugate 
hyperbola. 

Note The conjugate liyperbhla has the same asymptotes as the original 
hyperbola, because they me diagonals of the same rectangle [Piop 4 


Proposition XXII. 


If through any point P on the curve a line be drawn 
parallel to OA or CB, meeting the asymptotes in p, p', the 
rectangle Pp Pp' is — to the square on CA or CB respectively. 
The same is true if P be on the conjugate hypeibola 



Case 1. Diaw Ppp ptfrallel to GA, meeting CB in n. 
Then PN 2 ON 2 - CA 2 = a 7? 2 • CA 2 ; [Prop. 3. 
. On* . Pn 2 - CA 2 - Cb 2 : CA 2 
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Proposition XXIII 

If through any l wo points P, on the carve or its conjugate 
two parallel straight lines he drawn to meet the asymptotes in 
p, P 5 q, q' respectively, the rectangle 

Pp Pp' = Qq Qq' 



First let P and Q be on the same branch of the hyperbola. 

Through P and Q draw lines parallel to the conjugate 
axis, GB meeting the asymptotes in u , u f ; w , w 

By similar triangles, 

Pp • Pa = Qq Qw, 
and Pp : Pu = Qq ' Qw'. 

Therefore, by multiplying, 

Pp . Pp' : Pu . Pu' — Qq Qq • Qw Qw'. 

But Pu Pu' = GB 2 = Qw . Qw' ; [Prop. 22. 

Pp.Pp' = Qq.Qq'. 

The same argument applies whether Q be on the hypei- 
bola or its conjugate; boil cases are shewn on the figure 

Note. Through the centre draw CD ^parallel to Qq or Pp, meeting the 
curve or its conjugate at D, then applying this proposition to the points Q 
and D, 


Qq . Qq’ = DC . DC= CD 2 . 
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Proposition XXIV 

If any straight tine flit the curve in Q, Q' } and the 
asymptotes in qq', Qq = Q \\ , 

And if the tangent iPi' meet the asymptotes m 1 and i, 
then Pr — Pi' 



Qq Qq = Q'q' Q'q , [Plop 23. 

. Qq QQ; + Qq Q'q - Qq' QQ' + Q'<f . Qq , 

Qq QQ' - Q'q QQ\ 

. Qq m Q'q' 

Lvi 0 QQ’ move paiallel to itself until it becomes the tan- 
gent at « 

Since Qq = Q'q always , 

rr=r.Pf 

Nor* QQ' may be on opposite branches ol the hjperbola, in this case 
theie is not a tangent to tins hyp^ibola paiallel t crQQ' 

Pitor XXIV 

1 The same is true if qq' be on the conjugate hyperbola 

2. If the normal at P meet tile axes in O, q, G, q, ?, r' he on a circle 
passing through the centre 
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Proposition XXV. 

The locus of the middle points of a system of parallel 
chords is a straight line passing tli'ough the centre , 

A nd the tangent at either end of the straight line is parallel 
to the t holds. 



Let QQ\ EE\ he be a system of pai allot elmids meeting 
the asymptotes m q, q , e, e , &c 

Draw CV bisecting QQ' in V 

'Then CV also bisects qq , because Qq == Qq.* jJTop. 2t 

Therefore, by similar triangles, OF bisects ee 

Therefore it bisects EE’ ; because Ee — Ee. [Prop. 24. 

Therefore CV, bisects all chords parallel to QQ\ 

Let CV meet the curve in P,* ami let QQ' move parallel 
to itself towards P. 

Then, since QQ' is always bisected by CPV , Q and Q' 
ultimately coincide with P , thiJrefore the tangent at P is 
parallel to the system of parallel 'chords bisected by CP V 
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Def. A straight line (OP) passing through the middle 
points of a system of parallel choids is cabled a diameter . 

Def. A straight line (QV) drawn from an|f point on the 
curve parallel to the tangent at the extremity of the diameter 
(POP') is called the ordinate to the diameter . 

N B If the diameter is the tiansveise axis, the ordinate has the usual 
meaning 

Notf The leiKjth of that portion of a diameter, which is intercepted by 
the hjpeibola or its conjugate, is sometimes called the lUametei 


Proposition XXVI. 

If one diameter bisects chords parallel to a second , then 
the second diameter bisects chords parallel to the first 



Let CP bisect QQ' in Valid draw Cl) paiallel to QQ'. 
Produce QQ ' to meet the asymptotes in q, q, 

■'Through q draw RqUi'R' parallel to OP, meeting the 
curve m R and R', and the asymptotes in q, and CD in U 
Then, because Qq — QV/, therefore qq is bisected m V , 
and C V is parallel to qr, 

(V = Cq , [Euc. yi 2 

. r'U = Uq* [Euc. Yi. 2. 

and Rq is equal to R r, 

..KU=RU, [Prop. 2 1 

therefore CD bisects all chords parallel to OR. [Pi op. 25. 
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Proposition aavi (a titer) 

If one diameter bisects chords 'parallel to a second, then 
the second diameter bisects chord » paiall el to the Jirst 



Draw AQ parallel to CD, meeting CD in V 

Join A'Q cutting CD m W 

Since A'Q is bisected in D and A A' m C , therefore A'Q 
is parallel to CD. 

And because CD is parallel to AQ, therefore' A'Q is 
bisected m W. 

Therefore CD bisects the choid A'Q parallel to Cl * 

Thciefoie CD bisects all chords parallel to CD 

Def. If two diameters are so related that each bisects 
chords parallel to the other, they are called conjugate diameters. 

Note. Of two conjugate diameters one will meet the hjpeibola, and the 
other the conjugate hyperbola 



no 
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Dkk. Chords (QP, QP') which join any point (Q) on a 
hypeibola to the cxtieimti's of a diameter {POP ) aic called 
supplemental choids 


Proposition XXVJ1 

Supplemental chouls are parallel to conjugate diameteis 



Draw the diameters CL, CM parallel to tlio supplemental 
rhoids P'Q, PQ cutting them m W and V 

Then PV • VQ~* PC ( P' , | K,.r vi i> 

* PV- VQ, 

(JL bisects PQ and all other chords paiallel to CM 

[Prop 2o 

Similarly CM bisects all chords parallel to CL, therefore 
CL, CM are conjugate diameteis. 
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Proposition XXVITI 

' tangents to the hyperbola and its conjugate at their inter- 
sections with conjugate diameters PCP', DDD' form a paral- 
lelogram whose angulai points are on the asymptotes 

Also P]) is bisected by one asymptote and is parallel to 
the other 



Draw the tangent r Pi ' meeting the asymptotes m r and i' 
.loin Cl) 

Then since (*/) is conjugate' to (*P, 

CD is paiallel to ? / ' 

Therefore, b\ Pi op 2-1, observing that DC meets both 
the asymptotes m (\ 

J )<* = Pr Pi ' ~ 7V , | Prop 21 

])(*■*= = Pi and is paiallel to it , 

/ D is paiallel to CP ^ [Poe 1 dd 

i D is the tangent at J) [Pi op 2") 

Si mi Lilly the tangents at D and P f meet on the as\mp-. 
totes, and the four tangents foun a parallelogram with its 
angular points oij the asymptote's 

.Join PI), anfl let rl) meet the .other asymptote m k 
Then yi J = /V, 

and rD = J)L , 

*. PD is parallel to kr , 
and CPrl) is a parallelogram, 

. . PJ) is bisected by tin 1 asymptote 

Foi i iders see pa«e 11 A 
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Proposition XXIX 

St) aight lines though P and 1) pcuallel to the axes form 
a rectangle with two angular points on one of the asymptotes 



Di aw Pp parallel to CH, meeting the asymptote in p , 
and join pD. 

Let AH PL) intersect the asymptote at K and o, 
then AB and PD are both bisected by the asymptote 1 , and 
they are paiallel to one another (Prop. 28) , 

Hence poP, alLA are similar ti jangles 
'Vp-Aa = Po AK 

mPI) . AH |Piop 28 

And angle pPL) = angle a A H 

Theiefore the triangles pPL), aAH are similar 

[Euc vr 6. 

Therefoie pD is parallel to aB , *e. to CA. 

Similarly, if Dd be drawn parallel to OIL 

Tin *n Pd is parallel to CA 
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Proposition X X \ 

\'’r~c\y=-i'A ; ~(',\v 



Diaw the 

oid unites / 

'X, I)R to 

tin* «i\(‘s 

and pi od uee 

m to moot 

m p, then j) 

lies on 

till.' 

asymptote 

(Piop 29) 

Then 

( 7P = 


- D.X 

a 

[Prop 2d 


-= 

= <Y- 

ri u 


[EllC I d7 

Also 


- pH 2 — 

Dll' 


[Prop 21 


- 

= <Y- 

an 2 


[ Euc I 17 


l*noi‘ NXVIII 

In the j„ u ] u oi (3 

1 VP— CD and tlie asymptotes bisect the angle bitween any pan of 
conjugate dianicteis 

2 CP and CD make complementaiy angles with the axes 

d Diameteis at light armies aie equal 

1. The angle between*any two diatnet^Ls is equal to the angle between 
then conjugates 

5 The angles subtended nv any clioid at the extremities ot a diameter 
2T' aie equal or supplemental}' 

(5 If a a ii. oncumscribe a tuangle, t’Ae locus ot the centie is the nine- 
point cncle 
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Puopo, ition XXXI 

i 

If any tanycnt 1 Pi' to the hypcibola meet the asymptotes in 
1 and \ , the pai atleloyi am (JPil) is constant , 

(or PK C\) - AC IKJ) 

Also the ti atnyle iCV is constant 



Draw Aa , Ba paiallel to the axes, meeting the asymptote 
m a. 

Draw the double oidmatc tlirough P meeting the asymp- 
totes m p , p . 

(Complete the parallelogram 1 )pPd Jom DP cutting 
the asymptote m o Join AB 

Then A DCP A DpP—Co * op 

=pP Pp [Euc vi 2 

Again, ABCA . A DpP = liC* • Pp* [Euc vi 10 

— Pp Pp : Pp 1 [Pi op 22. 
- Pp Pp , 
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ti langle I)OP = ti langle BP A 

paiallelogiant 01*} T) — paifdlelogiam GAaB, whnh is 
constant 

Oi PF CD = A(J BP [Son fig of Piop 10 



Also the triangle rCr = paiallelograni GPrD, for they are, 
each of them, a quaitei of the parallelogram formed by the 
tangents at P, P, P\ 1)'. 

Therefoie the tnangle rCr is constant. 


r koi> XXXI 

1 If Po, Po' l>e drawn lospoctnely parallel to one asymptote and 
temnnated by the other, Po Po'= \('S 2 

2 If the two as^mntotes and a point on the cuive be given m position, 
find the axes and foci 

3 Two tangents to an hypeiboia meet the asymptotes m R, /, t 
respectively. Piove Rt parallel to rT 

4 In the n it if CZ be drawn peipendieular to the taugent at P, prove 
that GZ CP— CA 2 


8—2 
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\1 Proposition XXXII 

^ s' 

(*)V is an animate of th^dui meter POP', (JJ) the diameter 
jKuallel to QV. Then / 

QV~ PV TT = C1 ) 2 CV 



Let QV meet the asymptotes in q, q Diaw the tangents 
at 1\ />, meeting the asymptote^ m r ( Plop 28 ) 

Then < Tf — (Jq Qq [Pi op 23. 

= qV 2 ~QV\ 

Q V i = q V 2 - VI) 1 
Also PV P'V=OV z -CP z 

Put, by sum ha tnangles, CPr f ( ' Vq , 

C V 2 - Cl* CP 2 m q V J - iy ' PC 
' =qV 2 r CJ) i CJ)\ 

PV P'V C1»±*QV % Cl f 
Altemando QV 2 PV.P'V^Cl) 2 . CP 2 . 

in the k n QV 1 VV P'l 
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Proposition XX XT IT. 

Tangents at the ends of a ng}:hoid went on the danueto 
which bisects the chord 



Lot QQ', RR' be two pniallel clioi ds, join RQ, R'Q ' and 
pioduce them to moot m 0 

Bisect QQ' in V, and let OBpiodueed meet MR' in IT 
B\ snndai tuan<»les, 

qv r } ft-ov ow 

= Q'V R')\\ 

pul Q\ r =Q‘W 

RW= R'W. 

Since VW bisects the paiallel chords QQ', HR' it is a 
diameter passing tli^ough the centre 0 [Prop 25. 

Let R, R' move up tp and ultimately coincide with Q, Q' , 
then OQR, OQ'R' become a pan of tangents at Q, Q\ and 
they still intersect on the diamctei CV. 

In any conic if a diametei meets the dnectnx m Z, SZ is peipendiculai 
to tlio chords bisected by the diameter. 
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Proposition XXXIV 

QV is an animate of tie diameter Of* , if the tangent at 
Q meets CP m (), then [' 

CV.C() = CF 



])m w PIT paiallel 1o OQ, and PIl paialkd to QV, and 
join PQ 

Then 1*11 touches the hyperbola [Pro}) 2d 

RPUQ is a paiallelogiain , therefoie 11 U bisects PQ , 
tlierefore ItU passes through the centie G [Pi op 33 

Nom, GO GP — Gil Cir [Euc M f 2 

= CP GY, [Euc vi 2 

tberefoie Gl n — GO . GV 

Prop XXXV. 

1 If a i ir cn pinnscnbo a triangle, it also passes through the oitho- 
( ontie 

2 If OR be diawn paiallel to an asymptote to meet the curve m R 
and the other asymptote in r, and OPP' be drawn parallel to a fixed straight 
line to meet the cuive in P and P\ then the leetangle OP. OP' vanes as 
OR Cr for all positions of O 

[See also riders on Prop, 34 of Ellipst.] 
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(o Proposition XXX V r 

If two chotch ^ bota \dersect, the icctavgles con- 

tained by their segments are as fye s qnaies of the paiaUel 
semi- d ai mete) s 



Let the chords POP', QOQ' meet the asymptotes at 
pp', qf Bisect PP' .it V Diaw IQ/d parallel to pp 

Then p() Op — p\ ri — OV 1 , [Luc II *> 

PO.OP'^PV^-OV 2 , [Eue ii 5 
jtO Op'-PO 0P'=pV 2 -PV 2 

= pP Pp, [Euc n 5 

.p().0p-pP Pp'=P0.0P' 

Similarly, ,q0 . Of — qQ Qf — QO . OQ' 

By similar triangles, 

pO * qO — LQ * qQ, 

and Op' Of — Qk' Qf, 

p() % 0v! . qO Of — LQ Qk' * qQ . Qf 

=pP.Pp.qQ Qf , [Prop 23. 
• V® Op' —pP . Pp : f 0 . Of — qQ . Qf 

=pP iy qQ Q<1, 

PO . OP' • QO .0Q'=2pP . Pp' qQ . Qf/ 

= ratio of squares of parallel senn-diameters [Pi op 23. 


or 
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Propositions peculiar to the Pectancujlar Hyperbola 

I* 

] OS 2 * 2CA 1 , ( 'S =f 20X, e = V2 

2 I’N 2 *» AN NA' 

3 /vc£/c? Retinal =• A A' 

< 

4 ON -NO 

5 A circle, whose centre is any point P tm //*<? curve and 
radius PC, intersects the noimal on the axes, and the tangent 
on Ihe asymptotes 

PC = PO - Pg = Pr = PC 

0 Conjugate diameteis are equal, and the asymptotes 
Insect the angles between them 

7 Conjugate diameters aie inclined to either as is at 
angles which aie complementa t y 

8 Diameters at light angles to one another aie equal 

9 The angle between any two diameteis is equal to the 
angle between their conjugates 

10. The angles subtended by any chord at the extiemities 
of a diameter PP' aie equal oi supplemental y 

11 Tf OZ be drawn perpendicular to the tangent at P, 
CZ . CP - CA 2 


12 // a rectangular hyperbola cn uumsi r die a triangle 

it passes through the orthocentie 

1»> If a rectangular hyperbola circumscribe a triangle , 
the locus of its centie is the nine-point circle 



CYLINDER AND CONE. 


If a lecfcanglo io\olves lound one of its sides, the opposite side traces out 
a sm face, called a tight cnculai < t/hiuhn 

The length °t tlie icetangle may he eonsideiod to be indefinitely extended 
The fixed side, about which the lectangle levolves, is called the axu> of 
the o^hndei 


Def A light cnculm cijhndei is a sm face tiaced out 
by a straight line, which moves lound the' cncumtei once of 
a nicle, and leniams always parallel to a fixed stiaight 
line, diawn thiough the eentie of tlie c nc Ie, peipondiculai 
to its plane 1 

Def The fixed straight line is called the a, ns of the 
cylmdei ( 

/ Note The section of a c>lmdei by a plane paiallel to the axis is two 
genei siting lines c^t the cylmdei 

The section ot a cylmdei by a plane peipendiculai to the a\i^»is # a cncle 

^ Def When a cylinder is cut by a plane, the plane 
passing through the axis of tin 1 cylinder and perpendicular 
to the cutting pl f ine is called the aaud plane 

Note Tlie intersection ot the axial plane with the cutting plane is an 
axis of the cmve of section, and its into /section with tho cylmdei is two 
geneiatmg lines 

Def A spheie insciibed in a cylinder, so as to touch 
the cylinder m a circle and tlie cutting plane at a point, is 
called a focal spheie 
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ritOPOSITION J 


The section of a ? ujht circular cylmdei , by a plane in- 
clined to the aa is, is an ellipse 



Let A PA' be the curve of section Take the axial plane 
for the plane of the papei, and let it meet the cutting plane 
in the straight line A' AX and the cylinder ifi the generating 
lines KAF, K'F'A'. % 

Draw a focal sphere, touching the cylinder m the cncle 
KRK ' and the cutting plane at S 

Let the planes K'RK , A'PA meet in the straight line 
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Through any point P in the curve A PA' draw a piano 
F'PFN peipendicular to the axis of the cylinder, meeting 
the cutting plane in* the straight U me PN, the axul plane 
m the straight line FNF\ and tie cvlmder in the circle 
FPF\ 

Through P draw the generating line PR, touching the 
focal sphcie at It, also diaw PM parallel to NX 

Suppose SP to be joined 

Because the planes A PA', FPF ' aie both peipendicular 
to the axial plane, PN is perpendicular to axial plane (Euc 
xi 19), hence PN is perpendicular to both A A' and FF'. 

Tangents to a sphere fiom the same point are c»(jual 
(Euc ill 36), 

SP = PR = FK, 

and A A = AK and PM = NX 

But VK NX = AK A X , [Euc vt 2 

. HP PM =s aSVI AX. 

Now AK is less than AX (Euc 1 19), thereto! e AX 
is a constant latio less than unity, and A PA' is an ellipse 
whose focus is H and dnectux X M 
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Proposition (Second Method) 



Let A PA ' be the cmve of section Take the axial piano 
for the plane of the paper, and let it meet the cutting plane 
m the straight line A A' and the cylinder in the generating 
lines KAk, IP AT. 

Draw the two focal spheies touching the cylinder m the 
circles KRK\ hi/, and the cutting plane at H and H' 

Through any point P on the cmve APA' diaw a gene- 
rating *bne RPr, touching the focal spheies at R, r Join 
J } R PR' which will also touch the focal spheres 

Then HP — PR , because they are tangents to* a sphere; 
and R' P = Pr 

. HP + R'P PR + Pr - Rr =r Kl 

Hence the cmve is an ellipse whose* foci are R, H' and 
major axis equal to Kh (Ellipse, 8) 
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Proposition I < TIht. 1 Method) 



Let A PA ' be the euive of section 

Take the axial plane foi the plane ot the paper, let it 
meet the cutting plane in the straight line AA\ and the 
cylinder m the geneiating lines AFL , A'F'L ' 

Thiough any point P m the cmve of section diaw a 
plane F'PFN perpendicular to the axis of the cylinder, 
meeting the cutting plane in the straight line PN, the axial 
plane in the straight line FNF', and the cylinder m the 
circle FPF' 

Draw AL f , A'L parallel to KK'. 

Because tlm planes KNK\ A FA ' aie both peipen( s licular 
to the axial plane, PN is peipendiculat to the axfal phuie 
( Euc IX 1 (J), hence PN is perpendicular to both FF' and A A'. 

By similar tnanglcs, 

. AN NF = A A' A'L , 
and A'N NF' = A'A . AL\ 

. AN. A'N NF NF' — A A* A'L AL' , 

: AN NA' • PN* = AA* ATP [Euc m 35. 

Hence the section is an ellipse*of which A A' is the major 
axis, and the minor axis is equal to AL'. (Ellipse, 3.) 
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If a light-angled tnangle 1 evolves lound one side coutainmg the light 
angle, the hypotlienuse traces out a surface called a light cncular cone 

The length of the h> pothenuse may be supposed to bo indefinitely 
extended m both dnections 

The fixed bide, about which the tnanglo xevohcs, is called the nut, of the 
cone 

The angle of the timngle at ydiieli the liypothenuse and the fixed side 
mteibcct is the veitei of the cone 

The complete cone when the hypothenuse is indefinitely extended m both 
dnections consists of two cifual and sinulai sheets on opposite sides of the 
v ei tex 

Bef A tight circular cone is a sin face tiaced out by 
a straight line, winch moves lomid the cncumfeience of a 
encle, and passes always through a fixed point m a lixed 
straight line drawn through the centie of the circle, perpen- 
diculai to its plane 

])EF The fixed stiaight line is called the axis of the 
cone 

Bef The fixed point in the axis is called the vet fax of 
the cone 

Noit The section of a cone by a plane passing thiough the \dtex is 
eitliei a point, 01 two geneiating lines of the cone 

The section of a cone by a plane, perpendiculai to the axis, not thiough 
the vertex, is a cncle 

Bef When a cone is cut by a plane, the plane passing 
thiough the axis of the cone and peipendicular to the cutting 
plane is called the axial plane 

Notf^ The intersection of the axial plane with the cutting plane is an 
axis of tn a cui\c of section and its intersection with the cone is two* gene- 
rating lines 

Bef A sphere inscribed in a cone, so as to touch it 
in a cncle, and the cutting plane at a point, is called a 
focal sphere 


Proposition II 

The section of a cotie hg a plane not 'passing through the 
vertex and not pet pend iculai to the axis satisfies the definition 
of a conic section (SP — e PM ) 



CVLINDEU AND CONE 


127 



for the plane of the paper, and let it meet the cutting plane 
m the straight line N AX and the cone in the generating 
lines OKAF, QK'V 

Draw a focal sphere touching the cone m the aide KllK' 
and the cutting plane at R 

Let the planes K'llK , PA mteisect m the straight 
line XM 

Through any point P m the curve AP draw a plane 
F'PFN perpendicular to the axis of the cone, meeting the 
cutting plane in the straight line PX, the axial plane m the 
stiaight line FNF\ and the cone m the cncle FPF\ , 

Suppose the generating line PRO to be drawn, touch 1 ng 
the focal sphere at R , also draw PM parallel to XX 

Because the planes AP, FPF' are both peipcndicular to 
the axial plane, PX is perpendicular to the axial plane (Euc. 
xi ID), hence PX is perpendicular to both diV and FF. 

Tangents to a sphere from the same point aie equal (Euc. 

ill 36) 

Therefore SP = PR = FK, and 8 A = A K, and PM = NX. 
But FK NX — AX AX , [Euc. vi. 2. 

8P PM — SA : AX 

Hence A PA' is a conic section, having S for focus and 
XM for directrix. 
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Proposition 111 

A plane sedton of a cone is an ellfp.se if it.s focal ans 
•meets both generating lin in the a.ual plane on the same 
.sheet of the cone ; it is a parabola ; if its focal aim is paiallcl 
to one of these two genet atmg lines , it is a hypo bold if its 
focal axis meets both these genet atmg lines but on diffetent 
sheets of the cone 


o 



Let the axial plane meet cutting plane m LI, the focal 
sphere m the encle KK'H, ami the cone in the geneiating 
lines OKA , OK' Produce K'K and HA to meet in A" the 
foot of |Jie dnectux 

Case 1 Pi educe yLS f to meet OK ' m A' 

angle OK'X > angle' K'XA' [Euc. i If) 
Put angle OK'X =- angle OKK' [Euc. I 5 

-angle AKX , [Euc. T 15. 

angle AKX > angle K'XA' oi KXA, 

AKcAX , [Euc i 10 

HA < AX, [Euc. m 36. 

and the cuive is an ellipse 
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Ga be 2 If AS is paiallel to (jK* 


o 






[Euc i 29 
[Eue I 5 
[Eue. hi ;)G 


angle AKA = angle OK K' 
angle OK'K 
— angle AAVJ 

/S'zL - A A', 

and the cuive is a paiabola 


c. a. 


9 
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Case 3 Produce *S'.d fo meet K'O piumiced in A' 



angle OK' A < angle K'XA [Euc 1 1G. 

But angle OK’X = angle OKK' [Euc i 5. 

= angle AKX , [Euc 1 15 

angle AKX < angle K'XA or KX A , 

AK > AX, [Euc i 19. 

HA >A%, [Euc. hi. 36. 

and the curve is a hyperbola. 
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Proposition IV. 

In an elliptic section of a cone the major ajis is equal 
to the distance between the JooMj sphei es measiued along a 
genei atmg line of the cone 



Let A PA' be the curve of section Take the a\ial plane 
foi the plane of the paper and let it meet the cutting plane 
m the straight line A A and the cone in the geneiatmg 
lines KAL, K' Aid 

•Draw the two focal spheres touching thq cc«e m the 
cncles KRK', kih\ and the cutting plane at $ and S'. 

Through any point P on the curve A PA' draw a gene- 
rating line j RPr, touching the focal sphei es at R, i. 

Join PS, PS*, which will also touch the focal spheres 

Then SP = PR, becausa^uey are tangents to a sphere, 
and S'P = Pr 

SP + S'P = PR +.Pr = Mr = KIc. 

Hence the curve is an ellipse ^vhose foci are S, S', and 
its majoi axis is fcqual to Kk . (Ellipse, 8.) 


9«-2 
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Proposition Y 
c 

In a hi/peibolic section 'f a cone, the transverse axis is 
eqiud to the distance between the focal spheres, measured along 
a generating line of the cone 
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Let APA' be the cuive of section. 

Take the axial plane for the plane of the paper and let 
it meet the cutting plane m the stiaight line A A', and the 
cone m the generating lines KAk, K'A'L', 

Draw the two focal spheres touching the cone in the 
circles KRK', LiL', and the cutting plane at S and A' 

Through any point P on the cuive A PA' diaw a gene- 
rating line RPi , touching the focal spheres at R, i 

Join PS, PS', which will also touch the focal spheres 

Then SP^PR, because they are tangents to a sphere, 
and S'P — P) 

. S'P ~ SP = Pr ~ PR = Ri - KL 

Hence the cuive is a hyperbola, whose foci are S and S', 
and its transveise axis is equal to Kl (Hypeibola, 7 ) 


Props IV, and V 

Tlie avmliaiy cncle lies on the suiface of the spheie, whose diametei is 
the line joining the ocnties ol the focal spheies. * 
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Proposition VI 


In a parabolic section of a cone , the latns ledum is a 
third proportional to the distance of the vertex of the cone 
from the veitex of the paiabola, and the diameter of the cir- 
culai section of the cone though the vertex of the pai abola 


o 



Let A P be the curve of section. 

Take the axial plane for the plane of the paper, let it 
meet the cutting plane m the straight line AN , and the cone 
m the generating lines OAF , OLF'. 
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Through any point P on the cuive of section chaw a 
plane F'PFN pcipendicular to the axis of the cone, meeting 
the cutting plane in the stia.ght line FN and the axial 
plane m the straight line FNF' and the cotie m the circle 
FPF’ 

Draw AL paiallel to FF' 

Because the planes FPF', /VPN aie both perpendicular 
to the axial plain 4 , PN is peipendiculai to the axial plane 
(Kuc xr U)), hence PN is perpendicular to both FF' and 
AN 

Take 4>A A a third piopoitional to OL, LA 

By similar tnangles 

AN NF=OL LA 
= LA 4A, S', 

4 AH A N = XF LA 


— NF.NF' 

-- PN 2 

Hence the cuive AP is a parabola, of which the latus 
rectum is 4A>S (Parabola, 3) 

And 1A8 is a thud pioportional to OL, TjA 
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Proposition VII 

In an elliptic s ection of a cone , the minor axis is a mean 
piopoitional between the diameters of the circnlai sections of 
the cone passing tin o ugh the ends of the major axis 


o 



Let Af*A’ be the cuive of section 

'fake the axial plane foi the plane of the papei, let it 
meet the cutting plane m the stiaight line AAf and the 
cone m the generating lines OAFL, QA'F’IJ . 

Thiough any point P on the ciirv^ of section draw a 
plane F'PFN perpendicular to the axis of the cone, meeting 
the cutting plane m the stiaight line PN and the axial 
plane m the straight line FNF ' and the cone m the circle 
FPF' 

Draw A If, A'L parallel to FF' 
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Because the planes FPF\ APA' are both peipendicular 
to the axial plane, *PN is perpendicular to tho axial plane 
(Euc xr 19), hence PN is perpendicular to both FF ' 
and A A ' 


B\ sunilai triangles 


AN NF=AA' A'F 

and A'N NF~=AA' All , 

AN A'N NF . NF= A A' 2 A'L Af / , 

AN NA' PN 2 =AA* A’L AIJ 

[Euc in. 35 


Hence the section is an ellipse of which A A' is the major 
axis, and the minor axis is a mean proportional between AIJ 
and A'L. (Ellipse, 3 ) 
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Proposition VIII 

In a hyperbolic section of a cone , the conjugate cuts is a 
mean piopoi tional between the diameters of the cucnlar 
sections of the cone , passim) through the vertices of the 
hypei bola 



Lett AP 1)0 one branch of the curve of section, and A' 
the, vertex of the other branch. 

Take the axial plane for the plane of the paper, let it 
meet the cuttiug plane m the stiaight line A A' and the cone 
m the geneiating lines LOAF \ A'OL'F \ 

Tlnough any point P on the curve 0/ aUL-blUiJL Jiaw a plane 
F'PFN perpendicular to the axis of the cone, meeting the 
cutting plane m the straight line PN, and the axial plane 
111 the line FNF f and the cone in the circle FPF\ 

Diaw AL\ A'L paiallel to FF\ 
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Because the planes FNF\ APA' are both perpendicular 
to the axial plane, PN is perpendicular to the axial plane 
(Euc xi 19), hence PN is perpendiculai to both FF' and A A' 


By similar triangles 





AN 

NF 

±AA' 

AN, 


and 



AN 

NF' 

— AA' 

A//, 



AN 

AN 

NF 

NF' 

= AA 2 

A'L 

AIJ 


AN 

AN 

PN 2 

= AA' 2 

A'L 

AL r 


[Euc. ii r 35. 

Hence the section is a hyperbola, of which A A' is the 
transverse axis, and the conjugate axis is a. mean piopoitional 
between AIJ and A' L (llypeibola, 3 ) 
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Proposition IX 


The asymptote s* of a, hyperbolic section of a cone are 
miallel to the tiro geneiating hues , which i he w a pmallel 
plane though the veitex of the cone 



Take the axial plane for the plane of the papei 

Let P be any point on the hyperbola, PN an ordinate, 
S y >S y/ its foci, Ay A' its vertices, 0 the centre, and X the foot 
ot the directnx conespondmg to the focus S . 
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Let OF OF' be geiieiatmg lines m the axial plane, and 
FFF'N a plane perpendicular to the axis 

Let the focal spheie touch OF at K , then KX is parallel 
to FF' (Prop 2), 

and is equal ^to AK [Euc m 36 

Let Opn be a plain 4 parallel to the cutting ])lane, meeting 
the cone m a generating line Op, , the axial plane m On, the 
plane FPF' m pn 

The triangles OnF, AXK aie sunilai because On is 
paiallel to A X , and nF to XK 

On OF m AX AK 
- AX AH, 

OF me On , 

but the geiieiatmg lines OF , Op ate equal, 

Op—e On 

In the figure of Hyperbola, proposition 4, 

OR 1 — CA 2 A IV 
= 0A 2 +C1P 
= OH 2 , 

( >R — OH — e OA, 

hence pOn is 1 half angle between asymptotes (Hypeibola, 4), 
but On is paiallel to the tiansverse axis, theie/oie Op is 
parallel tu an asymptote. 
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Proposition X 

If thou gh any point tup sti aught lives be dm wv, parallel 
to two Ji.ted stun gl it lines , to intellect a given cove , the iatio 
of the rectangles contained by thb segments oj the lines is 
constant for all positions of the point. 



Let OQQ', ORR bo the two lines drawn through 0 
parallel to the two fixed straight lines meet the cone at 

QQ', MR. 

Through the vertex V draw VG, VH , parallel to the 
fixed stiaight lines , meeting a fixed plane, perpendicular 
to the axis of the cone at (r c and H 
OlllV and VH are not sj^)^n on the figure. 
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First consider only tire iectangle OQ OQ' 

Let the fixed plane through G and H meet the plane 
VQ(/ m the straight line GT/L , and tlie cone m the circle LIJ . 

Again let a plane through parallel to the fixed 
plane GH , meet the plane in ()KK\ and the cone 

in the cncle KK' 

The triangles OKQ, GLV lie n\ one plane and their sides 
are parallel ; 

OQ OK - GV • GL 

Similarly OQ' OK'^GV GL', 

• OQ OQ' OK Q1C = GV* GL GTJ 

Now for all positions of 0, GV is constant and the lect- 
angle GL GI/ is constant L^ uc 111 36 

* OQ OQ = X x OK OK' 

Similarly OR . OR'—fi x OM OM', 

where \ and ^ are constant, and M, M' are the intersections 
of VR , VR' with the cncle KK' 

. OK OK' = OM . OM' [Euc. in. 36 


OQ OQ' OR OR' = X fi. 
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Important propositions to be proved by the realm 

PARABOLA 

1 If POp be a c lwnl of a parabola meeting .the axis in 
0, and PN, pn oi d mates y pi ove that AN An — AO*. (See 
PlO]) 3 ) 

2 The circle cn cumsi i thing the triangle formed by three 
tangents to a i parabola passes tin ough the ficus. (See Prop 13 ) 

3 If OQ, OQ' a/re tangents , and OV a diameter , piove 
that the angle QO V is equal to the angle (/OS (Sec Plops 
7,13) 

4 If P is the end of the diameter winch hi scots a chord. 

QQ' , and R the end of anothei diameter meeting QQ' m M , prove 
that QM MQmASP.RM 

(See Piop I (i ) 

5 If the diameter through any point ll on the curve 
meets a chord QQ', and a tangent QT at M and T, piove that 

TR . RM^QM m/ 

(See Plops 16, 17 ami Proof of 19 ) 

(> If OP touches a parabola at P, and OQIi f meets it 
at Qli , and the diameter tin ough P meets the, chord Q P m U, 
prove'! * U 

( )U 2 =0Q OR 

(See Prop 19 ) 

7 If a cucle meets a parabola in four points A , B, (\ 1 ), 
the common chords AR , ov are equally ntchned to the axis of 
the parabola (See Prop. L9 ) 

8. If a circle cuts a paraly/la m four points the sum of 
the ordinates of these foeir points is zero (See Pi ops lo, 
19.) 
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9 If the normal .* at three points If Q, R meet in a point , 
the sum of the animates of P’ Q, R is zei o, and the circle 
circumsu ibmq the triangle PQR passes through the vertex 
(By analytical geometry ) 

10. If OQ, ()(/ he two tangents to a parabola the chord 
QQ' cats off pom the parabola a segment whose area is two - 
thirds of the tri ingle OQQ' (See Pi op 10 ) 


(IONIC SECT LONS. 


1 No straight line can meet a conic m more than tiqo 
points. (Prop 2) 

2 If a circle meets a conic m four points , the chord 
joining any two of those point s males the same angle with the 
t axis as the chord joining the other two points (Ellipse 34) 

3 To find where a straight line parallel to the axis meets 
a conic whose fix us, directrix , and eccentricity are given 

[('oils Lot the lmo meet dn ectnx in M With ocntio A" and ladnib e SX 
descnbo a onclc Join SM mooting this ciulo in p, // Di.iw Sl\ SP' 
paiallel to Xp, Xp f PP’ aie tho mpmed points ] 

4 The semi-latus rectum is a Harmonic Mean between 
the segments of any focal chord 

_L 1 _ 2 

H1‘ + HP' ~ HL 

S'P SP'-SN SX' 

= NX SX SX-N'X 
— SP - SL SL -HP'. 

o The product of the segments of a focal chord varies as 
the length of the chord 

6 Rectangles contained by the segments of am/ two inter- 
secting chords are proportioned to the lengths of the parallel 
focal chords (Ellipse 34) 

7. Tangents to an ellipse or hyperbola at right angles to 
one another intersect on s d fixed circle , called the Director 
Circle (Ellipse 14) 

O. G. 
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1 4G PROPOSITIONS 

8. Prove 

Pd Cl) = CB CA and P<j CD = CA CJi 

(’Ellipse 1 8 and 88 ) 

1) Prove 

HP H'P CD 2 = Pd . Pcj 

(Kldp.se 18 and IS ) 

10. If QQ' be a focal c hard, parallel to a beau-diameter 

Cl K QQ' ('A **•>(! jy 

11 If a diameter of a conic meets the directrix m Z ’ 
ZH is })e) pendicuku to the chords bisected by the diameter 

(Ellipse 1 1 and 25 ) 

12 If OQ ()(/ be tangents to a conic and QQ' meets the 
dnecfru in 1 \ , OHK is a light angle (Ellipse 22 ) 

13 If the tangent at P meet any pan of conjugate dia- 
meters in T and t , 

PT Pt^CIf (Ellipse 28 ) 

14 The projection of the noi mal Pd on the focal distance 
HP is equal to the semi-latus tectum (Ellipse 12 ) 

15. If OQ, OQ' are a 'pair of tangents to an ellipse , and 
a straight line be dtaicn (torn 0 to meet the curve in K, M, 
and QQ’ m L, OKLM is divided harmonically ot 

2 1 1 

OL OK OM (Pt ejections ) 

1G. Jf CP , CP' be semi-dia meters of a conic at r ght 

' f 11. 

angles to one another , prove that n j Ji + n /y2 is constant 

JL (y JT ( , 

(Dnector Circle and Ellipse 83 ) 

17 If one straight line passes through the pole of a 
second straight line , prove that the second straight line 
passes through the pole of the first (Projections ) 
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SECTIONS OF A CYLINDER AND CONE. 

1 At any point of a plane section the tangent makes equal 
angles with foe il distances and the generating line 

2 The semi-minor aais of the section is a mean propor- 
tional between the i adn oj the focal spheies 

3 Foi all sections of a cone the latus rectum vanes as 
the perpendicular fioni the veiteu of the cone on the plane of 
section 

4 An ellipse of any eccenti icity nuty be cut fiotn a light 
cucular cylinder , and may be projected orthogonally into a 
circle 


| See Appendix | 
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PROBLEMS. 


PARABOLA. 

1 Qtiq is a focal clioid of a paiabola diawn parallel to 
the tangent at P, PG is a normal. Prove Qti Sq — PG 2 

2 Two parabolas have a common focus, and then axes 
m the same direction a straight line is drawn through the 
focus cutting them in four points Shew that the tangents 
at these points form a lectangle of which one diagonal jrasses 
through the focus 

3 Given the directnx of a parabola and two points on 
the curve, find the focus Also draw a tangent parallel to 
the straight lme joining the given points 

4. PNQ is a double ordinate of a parabola and APQ an 
equilateial triangle , prove that AN — 3 times the Lat Rect 

5 In a parabola the external angle between two tangents 
is half the angle subtended at the focus by their chord of 
contact 

G OQ , OQ' aie tangents to a parabola, the chord QQ' 
meets the axis m li , and OM is drawn perpendicular to the 
axis, prove that A M — AR 

7. If the normal PG at any point of a parabola be divided 
so that PQ QG is a constant ratio, prove that the locus of Q 
is a parabola 

8 Tv r <£ parabolas have a common directrix, prove that 
their < two common tangents are at light angles to one 
another 

9. The directrix of a parabola is given and aiso two 
tangents find the focus of the parabola and the points of 
contact of the tangents 

10 A chord of a paiabola is equal to four times the 
distance of its middle point from the extiemity of the 
diameter bisecting it , prove, that the chord passes through 
the focus. 
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11 If OP, OP' are tangents to a parabola meeting the 
tangent at A in X and Y\ and VP' cuts the axis m K , prove 
that AT, K Y' are paiallel to the tangents OP, 01 J/ . (This 
is tiue for any diameter, and the tangent at its extremity, 
not only for the axis ) 

12 If Pl^ is a tangent at r to a parabola meeting the 
tangent at the 1 vertex m Y, and a circle on PFas diameter 
meets the axis m K aud K' ™ove that PK, PK! produced 
aie normals to the curve 

13 Two choids AB , CD of a parabola aie produced to 
meet m 0, and points YY, F aie taken in AB, CD so that 
OF 2 — OA OB and OF 2 = OC OD, prove that EF is parallel 
to the axis 

14 If a paiabola touches the three sides of a triangle its 
directrix passes through the oithoccntre 

15. If two parabolas are drawn through four given points 
on a circle, their axes intei sect m the centroid of the four 
points 

16 QOQ ', BOR' are two chords of a parabola, and ROR' 
is produced both \v ays to meet the tangents at Q, Q ' in r and 
r , if Rr = R'r\ prove that OR = OR' 


ELLIPSE 

17 POQ is an acute angle whose sides are tangents to 
an ellipse at the ends of a focal chord PQ , find the two 
foci 

Is. If # the diagonals of a quadrilateral circumscribing a 
cohic intersect in a focus, they aie at right^ angfes to each 
other 

19 Shew how to draw a pair of conjugate diameters in 
an ellipse inclined at a given angle to one another 

20 P and Q are corresponding points on an ellipse and 
its auxiliary circle, 8 is a focus, prove that $P = the perpen- 
dicular from 8 on the tangent to the circle at Q 

21 The normal at P on an ellipse cuts the minor axis 
in g , Pn is the ordinate to that axis Prove that 

Cq . On = 08 2 . OB 2 . 
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22 S is a focus of a given conic, and from a fixed point 
on the axi.s a perpendicular is drawn to t\e tangent at any 
point P on the curve Piovc that the intersection of this 
perpendicular with HP lies on a fixed oucle 

23. Diaw a noi mal fiom* a given point (1) on the axis of 
a parabola, (2) on the major axis of an ellipse./ 

24 From any point P on a common tangent to two 
ellipses, which ha\e a common* focus H , tangents are diawn to 
the ellipses intersecting another common tangent in Q , R 
Prove that the angle QHR is constant 

25 Given an aic of a conic, shew how to determine 
whether it is part of a parabola, ellipse oi In perbola 

20 Given two tangents to an ellipse and one focus, find 
the locus of the centre. 

27 A tangent is diawn to a conic meeting the directrices 
m L , M If H , H be the foci, and LH, Mil intersect m N, 
shew that LN = MN 

2(3 PQ is a double ordinate of a conic, and the straight 
line joining P to the foot of the directnx cuts the curve m R 
Shew that QR passes through the focus 

29. Tw t o chords AP, BQ in an ellipse aie produced to 
meet each other m 0 , QC } PD aie chords parallel to them 
crossing each other m R, shew that the triangles AOB, CRD 
aie similar, and A A is parallel to CD 

30 If two conics have a common * focus 4 and are so 
placed that they mteisect in Igvo points only*, then their 
common chord passes through th* point of intersection of the 
corresponding directrices 

31 A system of parallelogiams is ins uiuu* m cm empse, 
with their sides paiallel to the equi -con jugate diameters 

piove that the sum of the squares on its si^Jcsis constant 

* 

32. Prove the follow mg constr uction for drawing a normal 
to a conic Draw the oidmate PN % on the f axis maik off 
NK, NL each equal to NP, # produce PK, Pi, to meet the 
curve again m Q, Q', bisect QQ' in V 9 then PV is the, noi mal 
at P. 



PROBLEMS 


151 


33 An ellipse i^ inscribed *m a quadulateial A BCD , and 
H is a focus of tilt- ellipse, shew that the angles A SB and 
CHI) are together equal to BHC and DHA. 

34 The peipendiculais fioiji the foci on the nonn.d at 
any point of aji ellipse are to one another as the peipen- 
diculars fiom the foci on the tangent at that point 

35 Given two tangents to a conic and its centie prove 
that the locus of its foci is a rectangular hyperbola 

3(3 If PN, the ordinate at tin 4 point P of an ellipse, be 
pioduced to meet the tangent at the extremity of the latus 
rectum m Q , piove that QN m HP 

37 An elliptic section of a right cone is projected upon 
a plane peipendiculai to the axis, jnove that the focus of the 
(uive of piojection is at the point wlieie the axis of the cone 
neets the plane ot piojection 

38 If OP, OQ aie tangents to an ellipse fiom a point 0 
on the auxiliary circle, and POP ' a diameter of the ellipse, 
prove that QP' passes through a focus 

39 In any conic if PQ, PQ' are chords equally inclined 
to the axis, prove that the circle circumscribing PQQ' touches 
the conic at P. 

40 If two quadulateials, inscribed in an ellipse, have 
thiee sides of one paiallel to thiee sides of the other, their 
fourth sides will be parallel Hence shew how to diaw a 
tangent at any point of an ellipse with a parallel mler. 

(Pi ejections ) 

<*1 If RP is any tangent to a given ellip»3*at P and 
HRP a constant angle, piove that the locus of R is a cfrcle 

42 At points Q, Q' on an ellipse OQ, OQ' aie tangents, 
and QG, Q'( 7' aie noimals meeting the axis major at G , G\ 
piove that 0Q(f } ([Q'G' are similar triangles 

43 Tangents OQ , OQ' subtend equal angles at the foot 
of the ordinate thiough *0 

44 An ellipse touches a triangle at tlie middle points of 

its sides, piove the centie of the ellipse is the centre of 
gravity of the tuangle, (Pi elections.) 
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PARABOLA, 

45 JfA7i, a 8F aie the* perpendiculars U orn the vertex 
and focus of the parabola on the tangent, pre/ve that 

H1 TZ = SY.AR + A S 1A*. [I. 0. S 1884 

46 P is any point on *a parabola, HR is drawn pei- 

pendicular to AP meeting the tangent at the vertex m R , 
prove that AR is onc-fom th of ] J N, the perpendicular from 
P on the axis. [Clare, 1888 

47 A paiabola touches in A', B', O' the sides of an 
equilateial t mingle ABU, respectively opposite to A, B, C 
Piove that AA', BB\ CG' meet in the focus of the paiabola 

[Thin. 1887. 

48 A parabola rolls on an equal parabola, the veitices* 
originally coinciding, shew that the tangent at the vertex of 
the rolling paiabola always touches a fixed c n cle [Trin 1887 

49 P, Q are two points on a parabola such that 

circles descubed about P, Q as centres and passing through 
the focus H cut orthogonally in H and R If the line 
joining Q to the points of intersection of the cucles meet 
the direct nx m T and T shew that the angle TPT' is equal 
to half of RPH [Pemr 1887. 

50 In the parabola if the angle ASP be equal to four- 

thirds of a right angle, prove that the ordinate at P ancl the 
normal at the extiennty of the latus icctum intersect on the 
axis. [Magd. 18&8 

5f Given in position two tangents to a paiabola and 
their points of contact, find the focus and directux [Qu 1888. 

52. OP, 0Q are two tangents to a parabola at P and 

Q , S is the focus , if OH meet the circle through OPQ again 
in T, then H bisects OT [Qu 1888. 

53. If PG be the normal at P, prove that the tangent 

from any point on the parqbola to a cncle, centre G and 
radius GP, is equal to the perpendicular ftom that point 
on the ordinate of P. [Jes 1888. 
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54 H is a fixed point oh the bisector of the exterior 
angle A of the triangle ABC , a circle is described upon HA 
as chord cutting the lines AB, AC in P and Q, prove that 
PQ envelopes a parabola which has H for focus, and for 
tangent at the vertex the straight line joining the feet of 
the perpendiculars from H on AB and AC [Jes &c. 1888 

55 Points J r , Y are taken on the tangent at the veitex 

of a parabola so that BY ftY' is constant, and the othei 
tangents through Y and Y f meet in Q, prove that the locus 
of Q is a cncle [Joh 1888 

56 A circle is descnbed touching a paiabola at a 

point P and passing tlnough the locus If K be the point 
at which it cuts the axis again, and A the vertex of the 
parabola, shew that AK is equal to three times the abscissa 
of P [Sel 1888 

57 Two points P, Q are taken on a tangent to a 
parabola equidistant from the focus Prove that the other 
tangents drawn from P, Q will meet on the axis [Pet 1886 

58 P , Q, R are points on a parabola, the chord PR 

intersects the diameter tlnough in S The chord PQ 
intersects the diameter through R m T Piovc that ST is 
parallel to the tij^ent at P [Clare, 1887. 

59 S is the focus and SL the semi-latus rectum of a 

paiabola whose veitex is A P and Q are any two points 
m any line through 0, the point of intersection of the 
tangent at, A and the diameter through L . Prove that the 
clfoid of contact of the tangents from P inter se^tip the chord 
of contact of the tangents from Q m tlie straight line 
which bisects the angle OAS [Trin 1886. 

60 Prove that, if P be an external point on the axis of 
a parabola wlA>se f focus is S and veitex A, and the tangent 
at A cut the circle descnbed on PS as diameter m Q, R, 
then PQ, PR will touch the parabola 

Piove that, if any tangent cut the cncle in Q', R\ the 
lemainmg tangents fiom Q',R* to the parabola will intersect 
on the cncle. [Trin. 1887. 
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(31 A point moves so that the sum of its distances 
fiom a given point and a given straight* line is constant, 
prove that it describes a parabola and tind the length ol its 
latus icctum. [Qu. 1887 

02 Give a geometrical* construction for* the axis of a 
parabola which passes thiough the four give'/ points A, B, 
C, D which are such that A B is paiallel to Cl) [Jes 1887 

63 A and P aie two fixed* points Paiabolas are drawn 
all having their vertices at A, and all passing thiough P 
Piove that the points of intersection ol the tangent at P 
with the tangent and mutual at A lie on two fixed circles, 
one of which is double ol tin* othei [.Jon 1887 

64. If PN, PL be peipcndiculars fiom P on the axis 
and the tangent at the \eitex, piove that LX alvvav s touches 
a paiabola [Pet. 1886 

65 A vanable tangent to a parabola mteiseets two 

fixed tangents in the points T and T' shew that the ratio 
ST . ST' is constant [Thin 1886 

66 If Ql) be diawn peipendicular to the diameter P V 
of a paiabola, then 

Qlf Q V s = SA SP [Tiun 1886 

67 Thiough Y the foot of the peipendicnlai from the 
locus S on the tangent to a parabola at P, YK is drawn 
paiallel to the axis of the paiabola, meeting the normal 
PC m K, SK is joined Shew that the triangles SKG and 
SKP are each of them equal to the tnangle SPY 

[T. H 1886 

68 € If (j be? a fixed point, MM ' a fixed straight line not 

passing through 0, Q any point in MM', and ll on OQ as 
base an isosceles triangle be descubed on the side of OQ 
i emote from MM' such that the vertical angle OPQ is always 
double of the acute angle which OQ make? with MM', shew 
that the locus of P is a certain parabola [T H.SL886. 

69 If ABC be a triangle inscribed m a paiabola, shew 

that the sides of ABC are lour times as long as those of a 
triangle foimed by the intersection of tangents parallel to 
them. dl 0. S. 1887. 
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70. The tangents at P v P 2 , to the parabola whose 
vertex is A and 4 axis AN t N 2 intei sect m P, and N v N 2 
and N are the feet of the ordinates of P v 1\, and P Prove 
that PN PN AN AN , AiP AN 

[I C S 1887 

71 OQ, Of)' aie tangents to a paiabola, OV <x diaraetci 

If OV meet the Vlirecti ix m AT and QQ' meet the axis m N , 
shew that OK = SN , S being the focus [I 0 S 1880 

72 If the tangents at the ends of a focal chord PAQ 

intersect m D, AD will be a mean proportional between 
AS and PQ [I C S 1888. 

73 Find the locus of the centies of circles deset ibed 

within a given segment of a given circle [Pet 1887. 

74. PSP', QSQ', PSR' aie thiec choids through tlie 
focus S of a given parabola Prove that the latio of the 
aieas of the triangles PQli and P'Q' K is the same as that 
of the products of the ordinates of P, Q , li and P\ (/, R! 

[Pet. 1887 

75 A series of parabolas aie drawn to touch two given 

straight lines, one of them at a given point , shew that the 
foci lie on a fixed cncle and that the dncctrice^ pass through 
a fixed point. [Trin 1887. 

76 Two equal paiabolas, which have a common axis, 
have then concavities turned m opposite dnections Prove 
that the locus of the middle point of a choid of either 
parabola, which is a tangent to the other, is a parabola 
of on&third the linear dimensions of the given ones 

[Trin 1887. 

77 The normal at P meets the tangent at the Vertex 
m F and the cuive again in f If tlie axis of the paiabola 
meets at T and G the tangent and normal at P, shew that 

PF. Pf = TG 2 . [T H 1888. 

78. The normal to a parabola at any point P meets 
the curve again in Q , Pis the pole of the choid PQ, and 
the line joining T to the focus, S, meets the line diawn 
through P perpendicular to SP in the point 0 : prove that 
PS = SO, and tli£,t TOQ is a right angle. [Joh. 1887. 
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70. V is tlie middle point of a focal chord QQ ' of a 
parabola, tangents at Q and Q' meet at*? 7 ; prove that the 
locus of the intcisection of the circle described round the 
triangle TQQ' and the line TV is a parabola [Pet. 1887. 

80 Fiom any point oh a parabola nor/nals are diawn 
to the curve at P v l \ z , shew that the chtird P i P i passes 
thiough a fixed point [Clare, 1887 

81. Two equal similarly situated paiabolas have a 
common axis a tangent is drawn to one o f them meeting 
the other m P and Q , prove that the perpendicular distance 
of Q from the diameter through P is constant and that the 
»iea of the segment cut off by the chord PQ is constant 

[Pemb. 1886. 

82. Determine the point in. a parabola at which the 

normal is equal to a given straight line [T. H. 1887 

83 If the triangle formed by three tangents to a para- 

bola be isosceles the line joining the intersection of the 
equal sides to the focus passes thiough the point of contact 
of the opposite side with the parabola. [Cath. 1887. 

84 Two paiabolas having the same focus cut at right 

angles Shew that the line joining their vertices passes 
through the focus and is equal to the focal radius of their 
point of intersection [Jon. 1886. 

85 If PN be an ordinate and a chord QNQ' be (Jiawn 

through N cutting the parabola in Q and Q', then the rect- 
angle coiftvnqfi by the ordinates of Q and Q' is equal to the 
square on PIT. [Sel 1887. 

86. Two fixed straight lines intersect m A, and B is a 
fixed point, if a circle be described through and B cutting 
these lines m C and i), then CD always touches a certain 
parabola. [Sel. 1887 

87 The normal chord to a paiabola at the point whose 
oidmate is equal to its abscissa subtends a right angle at the 
focus. [Pet. 1885. 
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88 If a ciicle parsing through the focus of a parabola 
.ouches the curve at P and cuts it at L and M, and the axis 
it N, prove that LV is equal to MN [Clare, 188(1 

89. Give a geometrical construction for the position 
)f the directrix of a parabola whose axis is paiallel to a 
jiven line, the ^parabola passing' through two given points 
md touching a given line through one of them. 

[Clare, 1886 

90. If TP, TQ tangents ti a parabola subtend angles 
it the focus which are constant for all positions of T , prove 
that the distance between tin* centies of the circles described 
ibout the triangles HPT, STQ will vary as ST 2 . 

[Clare, 1886 

91. If PQ be a foCcd chord of a parabola, and R any 
point on the diameter through Q shew that the focal chord 

PR 2 

parallel to PR = [Thin 1885 

1 q 

92 Points I), E , F aie taken on the sides of a triangle 
ARC and thiee tonfocal paiabolas are diawn, one touching 
BF, FE and EC and the othei two the corresponding tnads 
>f lines, S is the common focus and the directrices inter- 
sect in (}, H, K Prove that the tu angles DSG, ESH, FSK 
ire proportional to tltfe squaies on SJJ, SE, SF [Trin. 1885 

93 Two parabolas have a common focus, and from 
i point T external to both tangents TP, TQ aie drawn to 
me and tangents TR, r TS to the other. If the angles PTQ, 
R r TS are supplementary, prove that PR, QS aie parallel or 
meet at the focus If they are parallel, piove that they are 
xlso i&iraliel the common tangent to the parabolas 

[Pf,mb 1885 

94 From two fixed points A, B perpendiculars AP, £Q 

ire let fall on a variable line , prove that the envelope of the 
line is a parabola when the area of the quadrilateral ABQP 
is constant [Caius, 1885. 

95. The noimM at one extremity L of the latus rectum 
of a parabola meets the curve again in P, the tangent at P 
cuts the latus rectum produced m M and the axis in T: 
piove that LM is ^ and NT f James latus rectum, PN 
being the perpendicular from P on the axis. [K. 1885. 
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96 A is the vertex, S the foeus find P any pfiint on a 

paiabola; PN is the ordinate at P, and the perpendicular to 
l SP diawn through S meets the normal at *P in L , if LM be 
the ordinate of L, shew that 8M — 2AE. [Qu J 886 

97 P, Q aie any two points on a parabola, R the middle 

point of the chord joining them, RM is th^ otdmate of R 
drawn peipendicular to the axis and RG dra\yn peipendieulai 
to PQ meets the axis in G , shew that MG is equal to the 
semi-latus rectum of the parabola. [Qu 1886 

98 Prove that the latus rectum is the least focal choul 

which can be drawn m a paiabola [Oatii 1886 

99 Describe a paiabola touching tlnee given straight 
lories and having its focus m another given line [Pel 1 . 1861. 

100 From 8 the locus of a paiabola a line is diawn 

parallel to the tangent at a point P meeting the curve m 
Q , the diameter at P meets 8Q m E Shew that the locus 
of E is a parabola whose latus lectum is half that of the* 
given one [Jes 1861 . 

101 GR is drawn from the foot of the normal at a point 

P in a parabola peipendieulai to 8P cutting the circle de- 
scubed on 8P as diameter m L , L8 products! meets the 
tangent at P m 0 , shew that the ratio of 08 OP is in- 
variable [SiD 1861 

102 Paiabolas are diawn passing through two fixed 

points A and B, and having their axes in a given direction , 
find, the locus of the foci [Joh 1861 

103 A series of paiabolas is described having the same 

tangent at the vertex as a given parabola, and thei * foci 
lying on the given parabola Shew that they *inteisecf> in 
the focus of*th® given parabola. [Pet 1861. 

104. The tangent at any point P of a parabola meets a 

fixed circle whose centre is the focus in Q, R If the other 
tangents to the parabola which pass througii Q,R meet m T 
and if the tangents to the circle at QR mc#3t in U, shew that 
TU is parallel to the directux [Pet. 1882. 

105. At the middle point of a focal chord of a parabola a 
line is drawn perpendicular to the directrix and equal to half 
the chord; find the locus of its extremity. [Clare, 1882. 
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100. 1 From P, PIT is drawn perpendicular to the tangent 
at the veitex of a parabola arid MQ perpendicular to AP, 
shew that the locu 3 of Q is a cncle [T H 1882 

107 Through a fixed point 011 the axis of a parabola a 
chord PQ is drawn, and a cncle of gi*ven radius is described 
thiough the fe<^t of the ordinates of P and Q Shew that the 
locus of its centre is a cncle [Jes 1882 

108. A circle cuts a given cncle orthogonally and inter- 
cepts a given length on a given st might line; shew that the 
locus of its centie is a parabola, and that the envelope of its 
chord of intersection with the given cncle is a conic 

[Jes 1886. 

109 PSP' is a focal chord of a parabola The diameter ^ 
thiough 1\ P' meet the normals at P', P m V, V' re- 
spectively Piove that P VV'P' is a parallelogram 

[Jl’S ] 88G 

* 110 ACP is a sector of a cncle, centie C, of which the 

radius CA is fixed, and a cncle is described touching the aic 
AP externally, and also touching CA and CP both produced, 
piove that the locus ot the centie of this cncle is a parabola 

[Jon 188*) 

111 If the direction of the axis of a parabola insciibed 
m a triangle is given piove the following construction fertile 
focus Thiough A one of the angular points of the triangle 
draw AD , perpendicular to the given direction, cutting the 
circle m 1), thiough J) dmw D8 perpendiculai to the opposite 
side cutting the cncle 111 >8, then 8 is the focus [Pet 1884. 

1 12 P^ Q and 1\ aie three points on a paiabola whose 
focfis is 8 Thiough R are drawn RU and RV, respectively 
parallel to the tangents at P and Q, so nh to meet the 
diameter*tlnough Q 111 U and V Prove geometrically that 
RU 2 = m\QV 

Utilize thiSj result to obtain a geometrical proof of the 
following — 

TQ and .772, tangents to a parabola, meet the tangent at 
P in X and Y The tangent at the extremity of the diameter 
through T meets the tangent at, P in 0 Then if S be the 
focus, SP (JR = $80 X Y [Jon 1886. 
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113. Two eonfocal and coaxial parabolas with the con- 
cavities in opposite directions are met by any straight line 
parallel to the axis in P and P' and then common chord QQ’ 
meets PP f in 2i, shew that RQ RQ’ : PP' is a constant ratio. 

[Pet 1884. 

114. The circle circumscribing the triaigle formed by 

three tangents to a parabola passes through the focus : prove 
that the tangent to this circle at the focus makes with the 
axis of the parabola an angle equal to the algebraical sum of 
the angles made with the axis by the three tangents to the 
parabola. [Pet. 1884. 

115. PQ is normal at P to a parabola and T is its pole . 

?hew that PS passes through the vertex of the diameter 
through T. " [Pet. 1885. 

116. A straight line moves so that two fixed ciicles 

always cut off equal chords from it, shew that it always 
touches a fixed parabola whose focus bisects the line joining 
the centres of the two cncles. [Pet 1885 

117 If the ordinate at each point of a parabola be pro- 
duced below the axis until it is equal to the distance of the 
point from the focus , prove that the locus of its extremity is 
another parabola, and that the axes of the cuives make with 
each other an angle equal to half a right angle 

[Clare, 1885. 

118 Two fixed tangents to a parabola TQ , TR aie met 

by a variable tangent in X and F. If a chord of the para- 
bola is drawn parallel to XY and equal to XY y it envelops an 
equal parabola [Trin. 1884 

119 A line is diawn through any point P of a parabola 
perpendicular vO the line joining P to the vertex This line 
meets the axis in K, and the normal at P meets the axis in 
G : prove that GK is equal to half the latus rectilm 

[Trin. 1884. 

120. Through any point on a parabola i^wo chords are 
drawn equally inclined to the tangent these. Shew that 
their lengths are proportional to the portions of their dia- 
meters intercepted between them and the curve 

[Trin 1884. 
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121 PSp is a focal chord of a parabola, and upon PS 
and pS as diameters circles are described; prove tnat the 
length of either of their common tangents is a mean pro- 
portional between AS and Pp. [Thin. 1885. 

122. A straight line PQ cuts two fixed straight lines 
Ox, Oy which are at light angles, in the points P, Q , and 
the middle point of PQ lies on a fixed straight line AB 
Prove that the stiaight line PQ is always a tangent to a 
fixed parabola [Thin. 1885. 

123 If PG the noimal at P meet the axis in (7, and if 
GQ be an ordinate erected from G ; prove that the diffeience 
between the square on PG and QG is a constant quantity , 

[Pemb. 1885. 

121. In a central conic if a diameter CT cuts one of 
its chords QQ' m F, the curve in P and the tangent at Q 
in T , then GV GT—OP 2 , deduce the conosponding pio- 
position for the parabola 

125 If PSQ be a focal choid <>t a parabola, PG the 
normal at P, PH the semi-ordinate, and if PN produced 
meet the diameter passing through Q m H then HG will be 
perpendicular to PG [T H. 1885 

12G. From a point 0 on the directnx of a parabola are 
drawn two tangents, and through the focus S two stiaight 
lines parallel to these tangents the part of the directrix 
intercepted between these parallels will be bisected at 0. 

[Chr 1885. 

127. An endless string OPQ is fastened at 0 and two 
small beads P, Q slide on it ; the string is kept stiet^hed ; 
the beads moving so that OP is always equal to OQ and PQ 
always fixed in direction : shew that the loci of P and Q aie 
aics of two parabolas with a common focus at 0. [Qu. 1885. 

128. 0 is a fixed point on a fixed cncle , with any point 
S on the circle as focus, and the tangent at 0 as directrix, a 
parabola is described ; shew that the locus of the points of 
contact of tangents from 0 to the parabola is a circle 

[Qu. 1885. 
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129. From any point on a parabola, chords are drawn 
making equal angles with the tangent at that point; shew 
that they are to one another as the parallel focal chords. 

[Cath. 1885. 

130 C is the centre, and J) a fixed point on the circum- 

ference of a given circle, M is the middle point of any chord 
RS which is parallel to DO. Prove that OR, CS intersect 
DM on a certain parabola. [Jes. 1885 

131 The polar of a point 0 with respect to a parabola 
meets the axis in U , and a straight line through U at right 
angles to the polar meets OS in R prove that OS = SR 

[Jes 1885. 

132. Three parabolas have a common tangent Prove 

that the points ot intersection of their other pairs of common 
tangents are collinear [Joh 1884. 

133. If two tangents be drawn to a parabola, the per- 

pendicular from the focus on .their choid of contact passes 
through the middle point of their intercept on the tan- 
gent at the vertex. 4 [Joh. 1884. 

134 Pairs of equal paiabolas are diawn, having a given 

point S for focus, one touching a given line AB , the other a 
given line AO Prove that the envelope of their common 
tangents is a parabola whose directrix passes through S, and 
which touches AB and AC at points in one straight line 
with S. [Joh 1884. 

135 OXP , OYQ , XRY are three tangents to a parabola 

(focus S) at the points P, Q, R respectively • find the locus 
of the remaining intersection of the circles SXP, S^~Q, as 
the tangent XY varies its position [Pet. 1883. 

1C6. II two parabolas have a common focus, the line 
joining it to the intersection of the directrices is peipen- 
dicular to the common tangent of the parabolas. 

[Clare, 1884. 

137. Three parabolas are drawn having a common vertex 
and axis, and their latera recta m geometrical progression * 
shew that if PQ be the chord of contact of a pair of tangents 
drawn from a point of the outer to the middle parabola, PQ 
will touch the inner parabola [Clare, 1884. 
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138. If any parabola be described touching the sides of a 

fixed triangle, the chords of contact will pass each through 
a fixed point [Trin. 1884. 

139. A cncle round the focus of a parabola as centre 
cuts the tangent at a point P in the dnectrix, and also at the 
point T TM is drawn perpendicular to HP, produced if 
necessary Prove that HM is equal to half the latus rectum 

[Pemb 1884 

140 Two tangents OQ , 0(J are drawn from an external 

point 0 to a parabola and a perpendicular on the axis 
iiom 0 cuts it in N; prove that NQ, NQ' are equally in- 
clined to the axis [Caius, 1884 

141 Two parabolas have the same focus and axis, ami 
the tangent at a point P of one parabola meets the tangent 
at a point Q of the other perpendicularly at T , shew that T is 
equidistant fiom the diameters through P and Q [CltR 1884 

142 The portion of the tangent at any point P of a 
parabola intercepted between the tangents at the extremities 
of a focal chord subtends a light angle at the point where 
the diameter through P meets the clioid. [Oaius, 1883. 

143 A line is drawn through a fixed point, and through 

the point where a line perpendicular to it through the fixed 
point meets a fixed line a perpendicular to the fixed line is 
drawn . prove that the locus of the intersection of this and 
the first line is a parabola [Clare, 1883 

144. Any one of a system of parallel lines cuts two fixed 
parabolas m P, P' and Q, Q' respectively , through P, P' and 
through Q, Q' lines are drawn parallel to the axis of the para* 
bola on which they lie , shew that the angular points of the 
parallelogram so formed are on a fixed conic. [Chr. 1884 

145. A is the vertex of a parabola, P any point on the 

curve, AP is produced to Q so that PQ — AP ; and through 
Q a straight line MQL is diawn perpendicular to A Q meeting 
the axis m M y if QL be equal to QM shew that the locus of 
L is a parabola and find the normal at L [Qu. 1884. 

146. If the normal at P meet the axis in G the locus of 
the centre of the circle diawn round APQ is a parabola. 

[Qu 1884. 

11—2 
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147 Having given three tangents to a parabola and the 
point of contact of one of them, find the focus and draw the 
parabola. [Cath. 1884. 

148. An isosceles triangle is circumscribed to a parabola , 
prove that the tlnee sides and the three chords of contact 
intersect the directrix in five points, such that the distance 
between any two successive points subtends the same angle 
at the focus. [Thin. 1886. 

149 If PP' be any chord of a parabola perpendicular to 

the axis and if the diameter through P' meet the tangent and 
normal at P in Q and R, then will the middle point of QR lie 
on a fixed parabola [Jes 1884. 

150 The tangents at two points P, Q on a parabola 
intersect m T and the normals at the same points intersect 
in 0 If TL , ON be diawn at light angles to the axis meeting 
it m L and N, piovo that 

TL AL = OJSr AS . [Jes 1884. 

151 The tangents to a parabola at Q and P intersect in 

T , and diameters aie drawn trisecting PQ If one of the 
tangents at their extremities is perpendicular to TP , then 
will the triangle PTQ be isosceles [Joh 1888. 

152 If the chord PQ of a parabola be normal at PT its 

pole, and if QP produced meet the directrix in R, prove that 
the angle RTQ is a right angle TJoh 1883 

153 From R, the, middle point of PGr, the normal to a 
parabola at P, two other normals RQ, RQ' aie drawn J o the 
cuive. Prove that QS , Q'S are equally inclined ro the ax’s. 

[Jon. 1884. 


ELLIPSE. 

154 The lines AB and AO, at right angles to each 
other, touch an ellipse whose centre is 0, and cut the circle, 
with centre 0 and radius 0A , a second time m the points B 
and 0 respectively Prove that BO and OA coincide with a 
pair of conjugate diameters of the ellipse. [I C. S 1887. 
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155 If the normal to an ellipse at a point P meet the 
axis in G, and PSK be drawn through the focus 8 to meet 
the diameter conjugate to OP in K , |)iove that the latio of 
CG to SK will be equal to the eccentricity [I C S 1885 

156 Construct an ellipse, having given two points as 

foci, and a given line as tangent. [1. C 8. 1884 

157. Piove that the stiaight line joining the centre 0 of 

an ellipse with the point of intersection of the normals at the 
ends P , D of a pair of conjugate semi-diameters 0P t 01) is 
peipendicular to the straight line PD [I. C S. 1885 

158. If X, X ' are the feet of the directrices of an ellipse 

corresponding to the foci S, S', and SY, S'Y' are the perpen T 
diculats on any tangent, the lines X Y, X'Y', will intersect 
on the axis niinoi [I 0 S. 1888 

159. CL is the projection upon the minor axis of the 

central perpendiculai on the tangent to an ellipse at P; piove 
that if PQ be the diameter of the cncle cncumscubing the 
triangle SPS' PQ CL = AO 2 . [Pet 1887 

160 Two lLoirnals OA, OS diawn to an ellipse from an 
internal point 0 aie at light angles They meet the ellipse 
again m 0 and D lespectively. Shew that 

OA OB : 00 . 0D [Pet. 1887 

161. In an ellipse the perpendicular bisector of a chord 
P t P 2 meets the axis major m K, shew that OK = e 2 CN, where 
ON is the abscissa of the middle point of P 4 P 2 measured fiom 
the centre 0, and e is the eccentricity 

[Pet. Pemb &c. 1888. 

162. Lengths OA, OB are taken on two fLed straight 
lines the sum of whose squares is constant, the parallelogram 
ABPO is completed : prove that the locus of P is an ellipse 
making equal intercepts on the lines. [Clare &c. 1888 

163. Any point P on an ellipse is joined to the extre- 
mities of t^o conjugate semi-diameters OA, CB , PA, PB 
meet OB, OA respectively m B', A'; prove that 

AA ' . BB' = 2 OA . OB 


[Clare &c 1888. 
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164. An ellipse entirely surrounas a concentric circle ; 
shew tnat the area cut off from the ellipse by tangents to the 
circle is a maximum or minimum only when the tangent is 
parallel to an axis of the ellipse, and distinguish the cases. 

[Glare &e. 1888. 

165 If P, Q, R, S be four points on an ellipse such 

that the centre bisects the parts of an axis intercepted 
between the chords PQ, RS, then the part of that axis inter- 
cepted between the chords PR, QS, and the part between 
PS, QR will be bisected by the centre [Trin 1887. 

166 Fiom two points at opposite ends of a diameter of 
the auxiliary circle, tangents are drawn to the ellipse . shew 
that the points of intersection lie on the directrices. 

[Trin 1888 

167 A vanable right-angled triangle PQR , of which Q 
is the right angle, is inscribed in a given circle of which the 
centre is (7. If the side QR continually pass through a fixed 
point S inside the circle, prove that PQ touches an ellipse ; 
and that if QG and PS intersect m 0, the intersection of RO 
and PQ is the point of contact of PQ with the ellipse. 

[Lond 1st B.A. Hon. 1870. 

168. Shew that an ellipse has one pair of eqm-conjugate 
diameters. If either extremity of the axis major of an ellipse 
is joined to an extremity of one of the equal conjugate dia- 
meters, the lines diawn from the extremities of the minor 
axis, parallel to the joining line, will meet the ellipse at the 
extremities of the other equal conjugate diameter 

[Lond 1st B.A. Hon 1870. 

169 In a given triangle an ellipse is inscribed. If the 
position of one of the foci is known, shew how to find the 
ellipse and its points of contact with the sides of the triangle. 

[T. H. 1888. 

170 If in an ellipse there be inscribed a quadrilateral 

PQRS such that PQ and SR are parallel, and if tangents to 
the ellipse be drawn parallel to QR and PS, prove that the 
straight line joining the points of contact* is parallel to PQ 
and SR. [Mag. 1888. 
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171. PQ is a chord of a parabola, and 2 T is its pole ; an 
ellipse is drawn with centre on PQ to circumscribe PTQ , K 
is the pole with regard to the parabola of the tangent at T to 
the ellipse , piove that TK is parallel to the diameter of the 
ellipse conjugate to PQ [K. 1887. 

172 P y Q are points in twi confocal ellipses, at which 
the lino joining the common foci subtends equal angles; prove 
that the tangents at P, Q are inclined at an angle which is 
equal to the angle subtended bv PQ at either focus. 

[K. 1887 

178. Fiom any point P of a circle PM is drawn per- 
pendicular to the tangent to the circle at a fixed point A on 
it: shew that the locus of the middle point of PM is an ellipse, 
and find the centre and axes [Qu 1888 

174 An ellipse is descubed having its centre at the focus 

of a parabola, and having the two diameters of the paiabola 
which pass through the ends of its latus rectum as direc- 
tives. Shew that this ellipse will touch the parabola at two 
points. [Qu 1888. 

175 If NP, the oidmate at a point P of an ellipse, 
produced meet the perpendicular from 0 on the tangent at 
P in R, shew that the locus of R is an ellipse, and that the 
tangents at P , Q, and R to the given ellipse, the auxiliary 
circle, and the locus of R all meet m a point. [Cath. 1888. 

176 Two circles are diawn touching the ellipse at conju- 
gate points P and I) respectively and each passing through 
0 . shew that their radii aie to one another as OP is to CD 

[Cath. 1888 

1^7 A paiabola is described passing through the foci 
of a given ellipse and having for focus some popit on the 
ellipse Prove that its directrix always touches the auxiliary 
circle of the ellipse. Shew also that the point of intersection 
of the tangents at the foci of the ellipse lies on a circle. 

[Jes. &c. 1888. 

178 Through a fixed point 0, any chord PQ of a given 
ellipse is diawn , an ellipse of given magnitude similar and 
similarly situated to the given ellipse is drawn through P 
and Q , prove that the locus of its centre is an ellipse. 

[Jes. &c. 1888. 
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170. Of the tangents at the extremities of tae minor 
axis of an ellipse, one meets a latus rectum in E , and the 
other the corresponding directrix in F , prove that EF is a 
tangent to the ellipse. [Jes. &c 1888. 

180 From P any point on an ellipse a tangent is diawn 
to the minor auxiliary cncle meeting the director circle 
m Q , R , shew that PQ, PR are equal to the focal distances 
of P. [Jfs. &c. 1888. 

181. Having given the axes of an ellipse, prove that 
points on the curve are determined by the following construc- 
tion Describe circles on the axes as diameters, and draw a 
straight line from the centre 0 meeting the circles in P and 
Q; the straight line through P parallel to the transverse axis, 
and the straight line through Q parallel to the conjugate axis, 
intersect each other in a point R of the ellipse. 

Prove also, if a concentric circle be described with radius 
equal to the sum of the semi-axes, and if the line OPQ meet 
this ciicle m V, that VR is the normal to the ellipse at R. 

[Joh. 1887. 

182 PSQ and PS'R aie focal choids of an ellipse , piove 

that the tangent at P and the chord QR cut the major axis 
at equal distances from the centre [Joh 1888 

183 A parallelogram circumscribes an ellipse ; shew 

that the circles, each of which passes through the extremities 
of a side of the parallelogram and through a focus, are all 
equal [Che 1884. 

184 The centre of an ellipse, a tangent, the length of 

the major axis and a point on a dnectux are given Shew 
how to find the directrices In what cases will tlie construc- 
tion fail ? [Pet 1886. 

185. PP' is a diameter of an ellipse, prove that the 

lines joining the foci to the points wheie the tangent at P 
meets the corresponding directrices intersect on the ordinate 
of P'. [Clare, 1887. 

186. Two tangents TP and TQ are drawn to an ellipse 

and any chord IRS is drawn, V being the middle point 
of the intercepted part; QV meets the ellmse in P'; prove 
that PP' is parallel to ST [Trin. 1886. 
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187 Two points Q and R an e taken on an ellipse having 
DU for a diameter and QD and RU meet m P. Piove 
that an ellipse, similar and similarly situated to the given 
one, having D for its centre and passing through P, cuts from 
UP a chord of which DR is the diametei, and from UQ a 
chord of which DQ is the diametu [Thin 1886 . 

188. A tangent at any point P of an ellipse intersects 
the minor pms m r l\ and TM is drawn perpendicular to aS \P 
produced shew that the locus uf M is a cncle 

[T H. 1887 

189. 0 is any external point to an ellipse and OS , OS' 
are drawn to the foci S and S' cutting the curve at the pomts 
P and Q, also SQ and S’P are joined intersecting at the pomt> 
R , a circle is mscribable m the quadrilateral OPRQ. 

[T H 1883 

190. If tangents to an ellipse at points P and P' meet 
on the auxiliary circle, prove that SP and S'P' are paiallel. 

[T H 1887. 

191 It Y and Y' be the feet of the perpendiculars from 
the foci upon the tangent to an ellipse at P, and ihV the 
ordinate of P, shew that PN bisects the angle YNY'. 

[Mag 1887. 

192 It CP, CD be conjugate semi-diameters of an ellipse, 
PC the normal at P, CZ the perpendicular from C upon 
the tangent at P, GM the line through G parallel to CD 
and meeting the straight line drawn from P to either focus 
m M, shew that PM is a fourth proportional to CZ, CB , CD. 

[Mag. 1887 

193. If P and Q be points on an ellipse whose foci are 
S and H , the four straight lines SP, SQ, HP f3 HQ, produced 
it necessary, are tangents to the same circle [Qu. 1887 

194. The points of contact of tangents to a series of 

confocal ellipses from a fixed point on either axis lie on a 
circle [Qu. 1887 

195. If Y and Z be the feet of the perpendiculars from 
the foci on the tangent to an ellipse at P, prove that the tan- 
gents at F and Z to the auxiliary circle meet on the ordinate 
of P , and that thodocus of their intersection is an ellipse. 

[Catii 1887. 
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196. The tangents at the points P, P'* of an ellipse 
meet in T, and the normals meet the axis m G , G' respect- 
ively ; shew that PG , P'Cr' subtend equal angles at T . 

[Jes. 1887. 

197. Prove that the locus of the focus of a parabola 

which passes through two fixed points, situated on a diameter 
of a given circle and equidistant from the centre, and which 
has a tangent to the circle for directrix, is an dlipsc whose 
foci are the two fixed points [Jes. 1887. 

198 Prove that the tangents drawn from the extremity 
of a diameter of an ellipse to the circle described on the 
axis minor as diameter form with the focal distances of 
either extremity of the conjugate diameter a parallelogram 
the difference of whose sides is equal to the semi-axis major. 

[Jes. 1887. 

199. Inscube m an ellipse a triangle similar to a given 

triangle. [Clare, 1883. 

200. Two conjugate diameters of an ellipse meet the 

auxiliary circle m P and Q If P' and Q' be the points on 
the ellipse corresponding to P and Q, prove that the tangents 
at P' and Q ' are at right angles. [Jes. 1887. 

201. GA , CB are fixed conjugate diameters and OP, CQ 

variable conjugate diameters of an ellipse; AP, BQ meet 
in L ; shew that the locus of L is a similar and similarly 
situated ellipse [Jes. 1887. 

202 If TP , TP' be two tangents to an ellipse and PG, 
P'G' the normals at P and P', and if on TP and TP points 
Q, Q' be taken so that TQ = TG and TQ' = TG' y shew that 
QQ' ±- 2 PJJ when U is the middle point ol GG'. [Joh 1886. 

203 If a rectangle circumscribes an ellipse, prove that 
its diagonals are the directions of conjugate diameters 

[Joh. 1887 

204 TP and TQ are two tangents to an cIHpse, one of 
whose foci is S PQ and ST intersect m X and from V, the 
middle point of PQ, a perpendicular VY is drawn to ST; 
prove that PP PX XQ-SY- SX. [.Joh. 1887. 
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205. T, T lie on GA, OB the semi-axes of an ellipse 
respectively, and TT' is parallel to AB. Prove that two 
tangents diawn, one from T, the other from T\ to two 
adjacent quadrants of the ellipse will be parallel to conju- 
gate diameters. [Pet. 1885. 

206 If SY is the perpendicular from the focus S on the 
tangent to an ellipse at P, prove that SY, OP meet on the 
directrix. [Pet 188G 

207. PP' is a diameter of an ellipse, the tangents at 
P and Q are at right angles prove that the normal to 
the ellipse at Q bisects the angle PQP'. [Clare, 3 886. 

208. Pp a chord of an ellipse perpendicular to AC is 
produced to meet the auxiliary cncle m P' and p , and 
the normal at P intci sects CP' and Op in Q and q prove 
that PQ = Pq = OB and P'Q = BC [Clare, 188" 

209. A tangent to an ellipse at P cuts the major axis m 
T, and OB is the diameter parallel to PT , piove that 

TP 2 + OP 2 = ST TIL [Clare, 188G 

210 If P be a point on an ellipse, and the focal distance 
SP meet the conjugate diameter in P, then the diffeience of 
the squares on CP and SB will be constant. [Trin 1885 

211. Two fixed points, Q and R, and a variable point P 
are taken on an ellipse , prove that the locus of the ortho- 
centre of the triangle PQR is a similar ellipse [Trin. 1886. 

21 2 Two ellipses have a common focus and b qual major 
axes ; if one ellipse i evolves about its focus in its own Jilane, 
piove that its chord of intersection with the other ellipse 
envelopes a conic confocal with this ellipse [Trin. 1886. 

213. From a point R on an ellipse two chords RQ , 
RQ' are drewn paiallel to conjugate diameters CP and CB , 
the tangent at R meets QQ' produced in T. Prove that ^ 

Q?’ : W = GDt [TfilN- 1886. 
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2] 4. Two concentric ellipses have the same major axis, 
and their semi-minor axes are GB and (76; the oidinate of 
any point P on the fiist ellipse meets the second ellipse in p • 
shew that 

CP 2 - GB 2 Gp 2 - Gb 2 = GA 2 - GB* GA 2 - Gb 2 

[Thin 1880 

215 A senes of ellipses is described with equal majoi 
axes. The ellipses have ore fixed common locus and one 
fixed common point Piove that two consecutive ellipses 
intersect along the moving focal chord through the fixed 
point. Also prove that the locus of the point of inteisectioii 
is an ellipse having the fixed focus and fixed point as foci 

[Pemb 1885 

21 G TP, TQ are tangents to an ellipse at the extremities 
of conjugate diameters, S is the focus, TR is the perpen- 
dicular on SP Prove that TR is equal to the semi-minor 
axis. [Caius, 1885. 

217 Being given of an ellipse, a focus, a tangent in 
position, and the length of its mmoi axis piove that the 
locus of its centie is a stiaight line. [Oaius, 1885 

218. A given straight line moves with one extremity 

on the circumference of a cnele the radius of which is equal 
to the given line, and with the other extremity on a fixed 
diameter of the circle. Shew that every point of the 
straight line describes an ellipse Also shew that the sum 
of the semi-axes of each ellipse is equal to the diametei 
of the circle. [T. H. 188G. 

219. Let PQ be a chord of an ellipse, R the extremity 

of the di^m etor GR bisecting PQ, P', Q', R ' the corresponding 
pomto to P, Q , R on the auxiliary cncle; shew that IT 
is the middle point of the arc P'Q'. If GR' cut the ellipse 
in T, and T be the corresponding point on the auxiliary 
circle, shew that GT' is perpendicular to PQ [K 1885 

220. From a point T on the auxihaiy circle of an ellipse 
an ordinate TPP'N is drawn to the major ax’s meeting 
the ellipse m P, the chord of contact of tangents from T m 
P > , and the major axis m N prove that 

NP 2 = NP ' . NT. 


[Qu. 188G. 
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221. A, B are two given points. Ellipses of given eccen- 

tricity are drawn so as to pass through A and have AB for 
normal at A ; and so that their axes pass through B : find 
the loci of the foci. [Cath 1886. 

222. On P N, any ordinate to a fixed diameter of an 
ellipse, produced if necessary, is taken a point Q, such that 
NQ is to NP as the diameter conjugate to PN is to the 
diameter parallel to PN , prove that the locus of Q is an 
ellipse and determine the positions of the axes. [Pet. 1861 

223. If P , Q be two points on an ellipse such that the sum 
of their abscissae is constant, the locus of the intei section of the 
tangents at P and Q is a similar and sinnlaily situated ellipse, 
passing through the centre of the former. [CailjS, 1861 

224. TYLZ is a tangent at L, the extremity of the latus 

rectum, meeting the axis major in T, and the auxiliary 
crvle in YZ Shew, that the ratio YL YZ is equal to that 
of the latus rectum to twice the axis major. [Jes. 1861 

225 TP, TQ aie tangents to an ellipse at P y Q , TV, the 
tangent at T to a confocal ellipse, meets PQ produced m 
V prove that 

VP VQ . TP TQ. [Trust. 1861. 

226. If the intercept on the normal to an ellipse made 
by one of its axes is equal to one of the focal radii vectores 
to the point whence the noimal is drawn, the intercept 
made by the other axis will be equal to the other focal 
i ad ms vector. [Pet. 1861. 

227 From a point P on a parabola a line is Irawn per- 
pendicular to the directrix and meeting it m M prove that the 
locus of the intersection of AP and SM is an ellipse; A being 
the vertex of the curve, and S the focus. [Clare, 1882. 

228. Two ellipses have equal minor axes and one focus 
common. P^ove geometrically that the diameters conjugate 
to the straight lines joining the points of contact of the 
common tangents in each ellipse are proportional to the 
major axes. [Clare, 1882. 
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229 If S, S' be the foci, P, Q any points bn the ellipse ; 
P', Q the points m which SP, SQ produced are met by 
the perpendiculars from S' upon the tangent at P and Q 
respectively; JR the intersection of the straight lines PQ, 
P Q'; then will S'R bisect the exterior angle of the triangle 
PS'Q. 

230 From the foci S , H of an ellipse, whose centre is 
G, SY, HZ aie diawn perpendicular to the tangent at P; 
SPy HZ produced meet m P , TO, YS produced meet in Q , 
and TS produced meets the circle described about TQY 
m R Shew that the locus of R is a circle, [Jes. 1882. 

231 If from any point P on an ellipse chords PQ, PQ' 

be drawn parallel to the axes, the normal at P cuts QQJ m a 
constant ratio [Jes. 1882 

232. From a point T tangents TP, TQ aie drawn to an 

ellipse. If the bisector of the angle PTQ passes tluougli a 
fixed point 0 on the major axis of the conic, the locus of T 
is a circle. [Jes. 1882 

233. If TP , TQ be a pail of tangents to an ellipse from 

a point T on the auxiliaiy circle, piove that the quadrilateral 
formed by joining SS'PQ has two of its sides paiallel Prove 
also that if 0 be the intersection of the diagonals the angles 
GTP, OTQ are equal. [Jes 1886 

234 The tangents at two points P, Q of an ellipse 
intersect on a concentric circle Shew that the straight 
line PQ touches a concentnc and coaxial ellipse whose axes 
are in the duplicate ratio of the axes of the first ellipse, 
and shew also that the point ot contact of PQ with its 
envelope never bisects PQ except when PQ is perpendicular 
to an axis of the two ellipses [Jes 1886 

235. P is any point on a fixed circle, PL is drawn in 

a given direction and is of constant length, and th^ircle on 
PL as diameter cuts the given circle again m Q\ shew that 
PQ always touches a fixed ellipse. [Jes. 1886. 

236. Prove that any focal chord of an ellipse is a third 

proportional to the axis major and the d’ imeter parallel to 
it. ' [Jes. 1886. 
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237. PSQ is a focal chord of an ellipse, and the tangents 
at P and Q meet in Z Prove that 

SZ 2 + BG 2 . 2 SZ 2 «. GA PQ [Jks 1886. 

238 If the noimals at eonpigate points P and D of an 
ellipse meet in E, prove that GE is perpendicular to PD. 

[Jolt 1885 

239 If the arcle passing through the foci and one end 

of the minor axis of an ellipse meet the euive m P and Q, 
prove that the distances of the tangents at P and Q from 
the centie aie each equal to the distance of a locus horn the 
centre [Joh. 1885 

240 If a cncle roll on the inside of the eiieu inference of 

a cncle of double its ladius, piove that any point in the area 
of the rolling cncle tiaces out an ellipse. Prove that the 
ellipse tiaced by the middle point of a radius, and the ellipse 
traced by the point on the radius produced, whose distance 
fi mi the centre of the lolling circle is equal to its diameter, 
are similar curves. [Jon 1885 

241 Two paiallol tangents to an ellipse touch it at P 
and Q Another tangent at R cuts these in T and T\ and 
PT' and QT intersect m V. Provo that RV is parallel to 
PT and QT', and is equal to half their harmonic mean 

[Joh. 1885 

242. Prove the existence of the director circle of an 
ellipse, and piove that the dnectnx of the ellipse is the 
radical axis of the director circle and of a point circle at the 
corresponding focus. [Jon. 1886. 

243 If GK be diawn from the centre G peipendicular to 
the tangent at a point P of an ellipse, and the cuvle round 
PKB meet the major axis m M, and with M as centie and 
GB as ladius a circle be described cutting the minor axis in N 
and N\ shew that MNGN ' is circumscnbable by a circle. 

[Pet. 1884 

244 An ellipse is drawn through two fixed points A and 

B and is sirn lar and similarly situated to a fixed ellipse which 
it cuts in G and D AG, AD cut the fixed ellipse again in E 
and F. Shew th°t the lines CD, EF each pass through a 
fixed point [Pet. 1884. 
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245. If S and II be the foci and TP, TQ two tangents tc 
an ellipse at right angles to each other and TM perpendicular 
to SP ; shew that 

ST . HT = 2 TM . AG. [Pet. 1884 

246 Two ellipses have the same foci, frtm points on the 

outer tangents are drawn to the inner ; find the envelope oi 
the chord of contact [Clare, 1885, 

247 On any choid of an ellipse passing through a fixed 

point on the major axis, a circle is described having the chord 
as diameter, prove that the line joining the other two points 
of intersection of the ellipse and circle passes through a second 
fixed point on the major axis [CLARE, 1885 

248. AA' is the ma]or axis of an ellipse of which S and 
S' aie the foci, AH, A'R' aie drawn parallel to SP, and S'P 
to meet the tangent at P m R and R' * prove that 

AP + A'R' = A A' [Clare, 1885 

249 If the tangent and normal at a point P of an ellipse 

meet the majoi axis m T and G lespectively , prove that the 
circles described on such intercepts as GT have a common 
ladical axis. [Clare, 1885. 

250 Two given ellipses on the same plane have a com- 
mon focus, and one revolves about the common focus, while 
the other remains fixed , prove that the locus of the point of 
intersection of their common tangents is a circle 

[Trin 1885. 

251 If AQ be drawn from one of the vertices an 
ellipse perpendicular to the tangent at any point P, prove 
that the locus of the point of intersection of PS and QA 
produced will be a circle, S being one of the foci 

[Trin. 1885. 

252. Through the centre of an ellipse whose foci are 
S, S' two constant equal lines are drawn parallel to SP, PS' 
wheie P is a point on the ellipse : prove that tne locus of 
the fourth angular point of the parallelogram having the 
equal lines as adjacent sides is a circle [Trin. 1885. 



PROBLEMS 


17? 


253 B and H are foci of an ellipse and T a point on the 

major axis produced. A circle is described on 8H as diameter 
Another circle is described to cut the first at light angles and 
also to cut the major axis at right angles m T. Shew that 
the latter circle meets the ellipse upon T ’ s polar with respect 
to the ellipse. [Pemb 1883 

254 The normal at a point P of an ellipse meets the 

axes in G y G' Shew that if OK is the perpendicular fiom 
the centie on the tangent at P % 0 the middle point of GG 
and O' the middle point of CG , then will OB — OK = 01\ 
and O' A = O' K = O' P [Trim. 1885 

255 BY and II Y' aie perpendiculars fiom the foci B 

and H of an ellipse upon a tangent and X and X' are the 
feet of the coriesponding directuces, prove that XY and 
X'Y' mtei sect on the minor axis. [Trin 1885 

256 An ellipse is tiaced on paper, shew how to find its 

prmai}>al axes [Trin. 1885. 

257 If P be any point on the tangent at A, the ex- 
tremity of the major axis of an ellipse, and if PT be the 

other tangent from P to the ellipse, prove that PT is longer 
than PA [Pemb 1885 

258. Two similar and similaily situated ellipses, centres 
C, C' touch one another at a veitex A through A is drawn 
a chord, meeting the ellipses m P, Q respectively PC, QC 
intersect in R Find the locus of R [Pemb 1884. 

259 From any point T on the auxiliaiy circle of an 

ellipse tangents aie diawn, touching the curve at P and Q. 
If Pp, (k[ be the diameters through these points, shew that 
Pq, Qp will be focal clioids [Pemb 1884. 

2G0. The angular points of a triangle are a point on 
a given ellipse, the centre of the ellipse, and a focus of the 
ellipse : prove that the locus of the centre of gravity of the 
tnangle is a sirdar ellipse [T. H. 1885. 

261. If the tangent at any point of an ellipse intersect 
the tangent ^ at the extremities of the major axis m R and 
R', then the circle described on RR' as diameter will pass 
through the foci [T. H. 1885. 

c. G 12 
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262. Any two fixed points are taken on. the major axis 

of an ellipse ; through one a line is drawn parallel to S'P, 
through the other are diawn lines parallel to YS , YA' m prove 
that the latter meet the former in points which are the 
extremities of a diameter of a fixed cncle [T H 1885* 

263. PGg normal to the ellipse at P meets the axes in 

G and g A circle is described on Gg as diametei and another 
circle described with P as centre, and cutting the former at 
light angles, intersects PGg m Q, Q' , prove that the triangles* 
i$PQ, H'PQ' aie similar [Chh 1885. 

264 From any point Q of a given circle QR is drawn 

perpendicularly to a fixed tangent and is divided m P so 
that QP PR is m a given latio, shew that the locus of P 
is an ellipse [Qu 1885. 

265 If the diameters thiough the ends of the latera 

lecta of an ellipse aie conjugate diameteis, then the line 
joining the foci subtends a right angle at the ends of the 
mmoi axis. [Qu. 18^5. 

266. If the normal at P of an ellipse pass through the 
extremity of the mmoi axis then the circle, described on the 
line joining the foci as diameter, will touch the tangent at 
P to the ellipse [Qu. 1885 

267 A circle is drawn touching an ellipse in two points 

P and Q symmetrically situated with regard to the axis and 
passing thiough the focus ti, shew that BP = SQ = latus 
rectum [Oath. 1885 

268 Project the following theorem — If OA and OB be 

ladn of the circle at right angles to each othei, and P and Q be 
points lying respectively on the productions of OA and OB ; 
then PB and QA will meet on the circle if the rectangle 
AP BQ he equal to twice the square on the radius of the 
circle. TJoh. 1884 

269 (JA, GB are the semi-axes of an ellipse. If the 

rectangle ACBV be completed, and the curve bisect a 8F, 
shew that A G 2 + BC 2 = 2 AC . GS [Pet. 1883. 

270. Tangents are drawn to an ellipse from any point 
on the lme through the focus perpendicular c > the axis : 
prove that the length intercepted by them on the corre- 
sponding directrix is bisected by the axis [Pet 1883. 
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271 PSQ, FIFE aie focal chords of an ellipse, QT, RT 
the tangents at Q and R Shew that PT is the normal at P 

[Pet. 1884 

272 TP , TQ aie tangents to an ellipse at P and Q , 

Op , Cq are the respective parallel semi-diameters , Tp , iV Y 
(produced if necessary) meet in L and Tq, QC in M ; PM, QL 
are produced to meet in V Prove that TGV is a straight 
line. [Pet 1884. 

278 A cucle and an ellipse have a common diameter, 
from any point on this diameter tangents are drawn to the 
ellipse and circle, prove that the lines joining the points of 
contact are parallel to a fixed line [Clare, 1884. 

274 A series of ellipses have a common centie and have 
two conjugate diameteis given in dneetion and also the sum 
of the sfjuaies of their axes, prove that they aM touch four 
straight lines [Clare, 1884. 

27 5. Through a given point 0, a chord OPQ is drawn 
to a given ellipse find the stationaiy values of the rect- 
angle OP.OQ , and distinguish between the maximum and 
minim uni values. [Trin 1883 

276 P, Q , R are three points on an ellipse, centre 0, 

HP, RQ meet the diameter AO A' which bisects PQ in N 
and T ‘ Shew that ON OT=CA* [Trln. 1884. 

277 The diameter parallel to any focal chord of an 
ellipse is equal to the chord joining the points on the auxiliary 
circle which conespond to the extremities of the focal choid 

[Trin 1884. 

278 Shew how to draw a focal choid of given length in 
a given ellipse and prove that if the two chords so diawn be 
PQ and PQ, then a circle can be described round PP'QQ' 

[Trin. 1884. 

279 If a triangle can be inscribed in an ellipse with its 
centre of gravity at the centre of the ellipse the triangle must 
be the greatest triangle which can be inscribed. [Trin. 1884. 

280. P the normal PG to an ellipse pass through R, 
prove that BG is equal to half the distance between the foci. 

[Pemb 1884. 

12—2 
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281 If a tangent, its point of contact and one focus of 
an ellipse be given, find the locus of its centre. [Caius, 1881. 

282 On TQ , TQ' a pair of tangents to an ellipse, whose 
foci aie S and H , TR, TR are taken equal to TS and TH 
respectively; prove that RR' is equal to the major axis, and 
that if TS cut RR in If, TW is equal to TQ [Caius, 1884. 

283. A given stiaiglit line moves with one extremity on 
the circumference of a circle the radius of whmh is equal to 
the given line, and with the other extremity on a fixed dia- 
meter of the circle. Shew that eveiy point of the straight 
line describes an ellipse. Also shew that the sum of the 
semi-axes of each ellipse is equal to the diameter of the circle. 

[Mag 1884 

284 If the tangent at a pomt V of an ellipse meet the 
tangent at the vertex A in T and S' be the tocus further 
from A, then TA is equal to the perpendicular from T on S'P 

[Qu 1884. 

285. If CY t CZ be drawn perpendicular to the tangents 
to an ellipse at P and JJ conjugate points, and D' be the 
opposite end of the diameter Cl), shew that PD' is the 
diameter of the circle described round the triangle YCZ 

[Qu. 1884. 

28G Having given the auxiliary circle of an ellipse and 
a tangent to the ellipse touching the ellipse at a given point, 
find the foci of the ellipse . [Gath 1884. 

287. If A A' is tKe transverse axis of an ellipse, and if 
Y y Y' are the feet of the perpendiculars let fall from the foci 
on the tangent at any point of the curve, prove that the locus 
of the point of intersection of AY and A'Y' is an ellipse 

[Trin 1885. 

288. The perpendicular from C on QQ' meets the auxi- 

liary circle in R , through C a line is drawn parallel to PR 
meeting a peipendicular to QQ ' through V m 0, QVQ' being 
a double ordinate to the diameter CP. Prove that, if an 
ellipse be described through Q and Q' with 0 as centre and 
major axis equal to that of the given ellipse, it will have its 
minor axis equal to DCD' * [Trin 1886. 
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289. Through the foci 8, H of au ellipse two lines PSP\ 
QHQ' are drawn meeting two tangents PQ, P'Q' and* such 
that PP\ QQ' aie bisected in S and H respectively Shew 
that .a circle can be described about the quadrilateial PQQ'P'. 

[Jes 1884 

290 In the ellipse if the perpendiculars from G and C 
on CP and the tangent at P meet m H, and the circle on OH 
as diameter meet the tangent at P m I, prove that CL is 
equal to the tangent drawn from P to the circle described on 
the axis minoi as diameter [Jes. 1884. 

291. The locus of the intersection of tangents to an 

ellipse at light angles is a circle [Jes 1884 

If the tangent at P cut this circle in T \ prove that TP 
subtends at the foci angles which are complementaiy 

292 A circle passing through the foci of an ellipse inter- 

sects the curve at P and Q on opposite sides of the axis. 
Prove that the sum of the squares of the perpendiculars from 
the centre on the tangents at P and Q is equal to the square 
on AC. [Joh 1883 

293 From the foci S, II, SO, HO' aie diawn perpen- 

dicular to SP, IIP to meet the normal at P in 0, O' Shew 
that OO' is bisected by the minor axis [Pet 1883. 


HYPERBOLA. 

294 Give m magnitude and position the two axes AO A', 
BOB' a hyperbola, construct geometrically a pair ot con- 
jugate diameters PGP', BCD', which shall contair a given 
angle. [I. C S 1886. 

295. A straight line cuts a pair of conjugate diameters 
of a hyperbola in P and D, and a second pair m P' and D ' ; 
if 0 be the middle point of the line intercepted between the 
asymptotes, prove that 

OP .0D = OP ' . OD' [I. C. S. 1886 

'296. Given one focus, a tangent, and the length of the 
minor axis a hyperbola, shew that the locus of the centre is 
a straight line, [I. C. S. 1885, 
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297. If two tangents of a hyperbola intersect on one 

branch of the conjugate hyperbola, prove that their chord of 
contact touches the other blanch. [I. C S 1885 

298. Through N the foot of the ordinate of a point P on 

a hyperbola draw NQ parallel to AP to meet CP m Q Prove 
that AQ is parallel to the tangent at P [ICS 1884 

299. Two angulai pornts of an equilateral tiiangle are 

respectively the centre and one focus of a hyperbola, and one 
side of the triangle is an asymptote Find where the other 
two sides are cut by the cuive [ICS 1883 

300 If two sides of a triangle are fixed in dnection and 
the third passes through a fixed point, the locus of the centres 
of the circles circumscribing the triangle will be a hyperbola 

[I C S 1883. 

301 A circle is described having for diameter a chord 

of a rectangular hyperbola with its ends on different branches 
Prove that the perpendiculars diawn to this chord fiom the 
other points of intersection of the cncle and hyperbola are 
tangents to the hyperbola [Pet 1887 

302 Given in position the asymptotes and one tangent 
to a hyperbola, shew how to construct the curve 

[Pet. 1887. 

303 A circle and a i octangular hyperbola intersect in 

four points which lie on a given parabola, piove that an axis 
of the hyperbola is parallel to the axis of the paiabola ; and 
shew that whatever curve the centre of the hyperbola (or 
circle) describes, the centre of the cncle (oi hyperbola) will 
describe an equal curve, the two centres moving over then 
respective cuives in opposite directions [Pet 1887 

304. A parabola and rectangular hyperbola, one of whose 
asymptotes is the axis of the parabola, each circumscribe the 
triangle PQR whose sides cut the axis of the parabola mj), 
(/, r, respectively. If A be the vertex of the perabola, and 
PN the ordinate of P, piove that 

Aq -p Ar = AN 

[Pet. Pemb. &c, 1888. 
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305. With each pair of three given points as foci, a 
hyperbola is drawn passing through the thud point shew 
diat the three hyperbolas thus drawn intersect m a point 

[Thin 1888. 

306. Shew that all the conics which pass through the 
three vertices of a triangle and che intersection of its three 
perpendiculars are equilateral hyperbolas, and determine the 
locus of the centre of these hyperbolas. 

[Lono 1st BA Hon. 1872. 

307. Two points P, Q are taken on a hyperbola so that 

the tangent at P and a parallel through Q to one asymptote 
intersect on the other asymptote ; shew that the tangent at 
Q and a parallel thiough P to the second asymptote intei sect* 
on the first asymptote [Thin. 1888. 

308 Given a hypeibola traced on paper, how would you 
find its transverse and conjugate axes and its asymptotes? 

[T H 1888 

309. Having given the asymptotes of a hyperbola and a 
point on the curve, find the foci, duectrices, and vertices 

[0 C C 1888 

310. C is the centre of a rectangular hyperbola, a 
straight line LQ is di.xwn parallel to one asymptote CM 
meeting the other in X, and the angle QCM is bisected by a 
straight line which meets the hyperbola m P; show that GQ 
is pioportional to CP 2 , Q being any point on the line LQ 

[Oath. 1888 

311. The perpendiculars drawn from the foci of a lect- 

angular hyperbola on the tangent at any point P meet the 
curve m points K, L, M and N Prove that KLMN is a 
parallelogram two of whose sides are at righu a lgles to the 
diameter through P [Jes & c 1888. 

312 One asymptote and three points of a hyperbola 
being given, construct the other asymptote. 

[Jes &c 1888 

313. If P be any point of a hyperbola and A A' its 
transverse axis, and if A'P and AP meet a directrix in E and 
F, prove that EF subtends a right angle at the corresponding 
focus. [Joh 1888. 
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314. With two sides of a square <*s asymptotes, and the 

opposite point as focus, a rectangular hyperbola is described ; 
shew that it bisects the other sides [Joh 1&88. 

315. An ellipse is drawn having its axes, major and 

minor, coincident m direction and magnitude with those of a 
hyperbola: from any point T on either asymptote, tangents 
TQ , TQ ' are drawn to the ellipse: prove that the circle 
described round TQQ' jesses th lough the centre of the 
hyperbola [Clare, 1887. 

316. ABCD is a rectangle Two eqiulateial hyper- 

bolas having their asymptotes parallel to the sides of the 
rectangle pass through A and (7, and B and I), lespectively. 
Prove that the polar of the centre of one hyperbola with 
respect to the other coincides with the polar of the centie of 
the lattei with respect to the foimei. [Trin 1886 

317. P is a point in the plane of a triangle ABC , such 

that the perpendiculars fiom A, B, C upon PB, PC , PA 
respectively meet m a point Shew that the locus of P is 
a hyperbola circumscribing the triangle ABC and passing 
through the points of intersection of the perpendiculars let 
fall from A , B, C upon the opposite sides ot the tuangle with 
the straight lines drawn fiom B, C, A lespectively perpen- 
dicular to BA y CB } AC [Trtn 1886. 

318. Prove that the parallel focal choids of conjugate 

liypeibolas aie to one another as the eccentricities of the 
hyperbolas. [Trin, 1887 

319 Find the locus of the intersection of the tangent 

with a straight line drawn from the focus making a fixed 
ingle with the tangent [Trin 1887. 

320. P is a point on a hyperbolic branch whose vertex 

ls A , JPIJ is the tangent at P terminated by the asymp- 
totes, and MPAM' is a straight line terminated by lines 
drawn through the further vertex parallel to the asymptotes : 
shew that LM and L'M' are parallel [Mag. 1887. 

321. If P and Q be any two points on a rectangular 
hyperbola, 0 the intersection of the axes, PT the tangent at 
P, QM and QN the peipendiculars from Q upon CP and PT 
respectively, shew that CM a*nd CN are equal. 


[Mag. 1887. 
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322. If a tangent at P meets the asymptotes n> L and 

M the locus of the centre of the circle circumscribirg the 
triangle LGM is a Hyperbola having its asymptotes at right 
angles to the original ones. [Qu. 1887 

323. Ox, Oy are any two fixed straight lines ; A lies 

on Ox and B on Oy and OA = CB Through A, B, any two 
parallel lines AM, BN are drawn meeting Oy and Ox respec- 
tively m M and N ; shew that the locus of the middle point 
oiMN is a hyperbola. [Cath 1887. 

324 A circle which passes through two fixed points 
8, 8', cuts two fixed straight lines, which are perpendicular 
to 88' and equidistant from its middle point, in the points 
P, Q , and P', Q\ Shew that if PP* be not parallel to 88', 
it will touch a fixed conic whose foci are 8, 8' 

[Jes &c 1887 

325. A rectangular hyperbola is drawn passing thiough 
two fixed points P, Q on a fixed conic, and having an 
asymptote paiallel to a given straight line shew that if 
it cuts the given conic again in R and 8, the straight lines 
PR and QS intersect on a fixed conic [Jes. 1887. 

32G. OX, OY are fixed straight lines, A is a fixed 
point on OX and P a vanable point on OY , PM is drawn 
peipendicuJar to AX and Q taken on PM so that AQ = PM; 
find the locus of Q. [Jes. 1887. 

327. P is any point on a circle of which A B is a fixed 
diameter. Through B a line is drawn to meet PA produced 
m Q so that BP, BQ make equal angles with AB. Find the 
locus of Q [Jes. 1887. 

328 If a triangle A BO be inscribed in a rectangular 
hypeibola, prove that its orthocentre P lies on tie hyperbola. 

If through P chords PA', PB', PC' be drawn parallel to 
the sides of the triangle, prove that A A', BB', CO' are 
parallel. [Joh. 1886. 

329. A and 0 are points on opposite branches of a rect- 
angular hyperbola, and the circle described on AC as diameter 
meets the curve again in B and D. Prove that the distances 
of any point on the hyperbola from the sides of the quadri- 
lateral are proportionals. [Joh. 1886. 
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330, The base AA' of a triangle is fixed m magnitude 
and position • prove that if the difference of the base angles 
is a right angle, the locus of the vertex is a rectangular 
hyperbola 

If PN is the perpendicular on A A' and JVQ, NQ' the 
tangents from iV to the circle on AA' as diameter, prove 
that PQ passes through A' and PQ' through A , and also, if 
QQ' intersect A A' in M, that PM is the tangent at P. 

[Joh. 1887. 

331 If a f amily of rectangular hyperbolas be described 
about a tuangle, their centres will all lie on the nine-pomt 
circle 

If the triangle be iight-angled, all the hyperbolas will 
have a common tangent at the right angle. [Pet 1886. 

332 Piove geometrically that the locus of points on a 

system of confocal ellipses where the tangents are parallel to 
a given line is an equilateral hyperbola. [Clare, 188C. 

333. If the conjugate diameteis PCp, DCd of an ellipse be 
the asymptotes of a hyperbola, QQ' one of the common chords, 
Q'R ’ , QR chouls of the ellipse parallel respectively to CD and 
CP, prove that Q' R' QR CP : CP. [Clare, 1886. 

334 Prove that the common chords of a hyperbola 

and cncle may be grouped in pairs which meet the asymp- 
totes m concyclic points; and that these cncles are all 
concentric with the original circle [Thin. 1886. 

335 Having given, in a triangle, its base and the differ- 

ence of its base angles, prove that the locus of the vertex is a 
rectangular hyperbola When is the base of the triangle the 
transverse axis " [Caius, 1885 

336 If two concentric rectangular hyperbolas have a 

common tangent the angle between their transverse axes 
will be half the angle between the straight Lnes from the 
centre to the points of contact. [T. H. 1886. 

337. In a hyperbola, supposing the two asymptotes and 
one point of the curve to be given in position, find the posi- 
sition ol the vertices. [T. H. 1886. 
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388 Four tangents to a hyperbola form a rectangle If 
one side AB of the lectangle cut a dnectnx of the hyperbola 
ji X and S be the corresponding focus, shew that the tri- 
angles A r $A, XSB are similar [Ciir & E. 1885. 

339 In the rectangular hyperbola, the angle between a 
chord PQ and a tangent at P is equal to the angle subtended 
by the choid PQ at the other extremity of the diameter 
through P. 

340 Two rectangular hyperbolas touch one another in 

P and intersect in R and S Prove that the cncle on RS 
as diameter passes through P and the extremities of the 
two diameters through P [Ciir & E. 1885. 

341 If an equilateral triangle be inscribed m n rect- 

angular hyperbola, find the locus of the centre of its circum- 
scribing circle [Qu 1880 

342 In the rectangular hyperbola, prove that the portion 
of the normal at any point intercepted between the point and 
the axis, is equal to that semi-diameter of the conjugate 1 
hyperbola which is perpendicular to the normal [Jon. 1801. 

343 Parabolas are drawn passing through two fixed 
points A and B , and with their axes parallel to a given 
straight line, if a tangent be drawn at right angles to AB , 
prove that the locus of its point of contact is a hyperbola 

[JOH 1801. 

314 A straight line 'moves between two straight lines 
at light angles to each otliei so as to subtend a right angle 
and a half at a fixed point on the bisector of the right angle ; 
piove that it always touches a rectangular hyperbola 

[Jo-. 1861. 

345 Prove that a rectangular hypeibola, confocal to a 
given ellipse, intersects it at the extremities of its equi- 
conjugate diameters [Pet 1861. 

346. The tangent to a parabola at P meets the tangent 
at the \ertex m Y The ordinate PN is produced to R so 
that RN = PF. Shew that the locus of It is a rectangular 
hyperbola. [Jes 1882. 
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347 A and B are fixed points on a given circle, and CD 
is any chord of given length If CE be a chord parallel to 
AB y and if AE t BD meet in 0, the locus oi 0 is a rectangular 
hyperbola. [Jes 1882. 

348. Given the auxiliary circle of a hyperbola and a 
point on the curve, shew Jiat the locus of the foci is an 

hyperbola. [Jes. 1886 

349 Shew that the locus of the intersection of two 
equal circles which touch two given parallel straight lines at 
given points A and B and whose centres are on the same 

side of AB is a hyperbola [Jes. 1886. 

350. Shew that the angle between two tangents to a 
rectangular hyperbola is equal or supplementary to the angle 
which their chord of contact subtends at the centr e, and that 
the bisectors of these angles meet on the chord of contact. 

[Jes. 1886. 

351. The tangent at a point P of a rectangular hyper- 

bola meets the asymptotes in K and L , and the normal at 
P meets the axis m G ; find the centre of the circle circum- 
scribing the quadrilateral CKGL . [Joh 1885. 

352 Two hypeibolas have the same transverse axis and 
a line perpendicular to it meets them m points P and P'. 
Prove that the tangents at P and P' meet on the transverse 
axis [Pet 1884. 

353. A tangent to a hypeibola at a point P meets an 
asymptote in T A line RPR is drawn patallcl to this 
asymptote, to meet a directrix in R and the line ST in P, 
where S is the focus corresponding to the directrix, prove 
that RP = RP = SP. [Clare, 1885. 

354 Shew that if the tangent at a point P of a hyper- 

bola meet an asymptote in P, the angle between CT and HP 
will be double the angle STP ; where C is the centre, and 
S and H the foci of the curve. [Trin. 1884. 

355 Shew that if CP, CD be conjugate semi-diameters 

of a hypeibola whose foci are S and H, then the distance of 
D from a line drawn through C parallel to HP will be equal 
to the semi-minor axis. [Trin. 1885. 
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356 The tangent to a hyperbola at a p^int r meets the 
asymptotes m Q, q ; QM, qm are the ordinates of Q, q, and 
CT the perpendicu’ar from the centre on the tangent at P. 

If TM, Tm meet the normal at P in K \ L respectively, 
shew that QKqL is a rhombus [Pemb 1885. 

357 Defining the hyperbola to oe the envelope of the 
line which cuts off from two fixed lines a triangle of constant 
area, prove that the hyperbola has two asymptotes and that 
the line touches the curve at its middle point 

[G. & 0. 1885. 

358 Prove that the angle between the tangents at a 
point of intersection of two concentric l octangular hypeibolas 
is double of the angle between their transverse axes 

[T H. 1885 

359 Let PQ be any diameter of a roctangulai hypeibola 
and let a citcle be deseubed with centre P and radius PQ, 
then if A, B, C be the other points in which the circle cuts 
tne hyperbola, the triangle ABC is equilateral [K. 1884. 

360 A circle meets a given rectangular hyperbola m 

A, A', P, P', prove that the tangents to the hyperbola at 
P, P' intersect m a point lying on the diameter of the 
hyperbola at right angles to A A' [Chr. 1885. 

361. S is the focus of a parabola whose vertex is A, and 
SA meets the directrix in X ; SXII is an angle of 60° and 
SH is perpendicular to SX, shew that a hypeibola may be 
described with S and H as foci touching the parabola m a 
point P whose focal distance is equal to the latus rectum 

[Qu. 1885. 

3G2. Through a given point P any straight line is drawn 
meeting two fixed straight lines m P' and Q' , v point Q is 
taken on P'PQ' so that QQ ' = PP ' ; shew that the lems of Q 
is a hyperbola [Cath. 1885. 

363. The tangent and normal at any point of a hyper- 
bola intersec u the asymptotes and axes respectively in four 
points which he on a circle passing through the centre of the 
hyperbola, and the radius of this circle varies inversely as the 
perpendicular from the centre upon the tangent. 

[Joh. 1884. 
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361* If the asymptotes of a hyperbola be inclined to 
each other at an angle equal to half a right angle, find (and 
trace) the locus of the orthocentre of f he tiiangle GHK, 
where 11 and K aie the points in which lines through P 
parallel to one asymptote meet the othei lcspectively 

[Pet. 1883. 

365 If the tangent at a point L meets an asymptote m 
T, and the chords joining L to two other points M and E, 
meet the asymptote in A and 0, prove that TA = A'O, 
where A ' is the point in whicn MN meets the asymptote 

[Clare, 1884. 

366 A Bi 1 ]) is a parallelogram , fi oin any point E in BC 

a perpendicul.tr EF is drawn on AD, and EG is drawn at 
right angles to AE, the points F and G being on AD, oil 
AB a point K is taken so that AK—FG, piove that FK 
always touches a fixed hyperbola [Trin. 1884 

367. From any point P in a hyperbola, perpendiculars 

PM, PE aie diawn to the asymptotes, and PE meets the 
curve again at P', prove that the ratio of PM to PE is the 
same for all positions of P. [Pemb. 1884. 

368. Parallel tangents are drawn to a system of circles 
which pass through two fixed points; shew that the locus of 
the points of contact is a rectangular hyperbola. 

[Ciir 1884 

369. The points A, B, G, 1), lie on a hyperbola, and the 

lines AB, CD intersect on an asymptote; find the other 
asymptote [Pet. 1884. 

370. Tangents are drawn to a rectangular hyperbola 

from a point Ton the transverse axi% meeting the tangents 
at the vertices m Q and Q' Prove that QQ' touches the 
auxiliary circle in a point li such that RT bisects the angle 
QTQ\ [Turn. 1885. 

371. A line is drawn parallel to the side AG of a triangle 

ABC meeting, in P and Q respectively, AB and the tangent 
at G to the circle circumscribing the triangle ABG. Shew 
that the locus of the intersection of GP , BQ is a rectangular 
hypeibola. [Jrs 1884. 
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872 Given an asymptote and two points on a Lyper- 
bola, shew that the envelope of the axis is a parabola 

[Jes 1884 

373 Chords of a hyperbola aie drawn through a fixed 

point Shew that the locus of their middle points is a 
hyperbola, similar to the original hyperbola or to its con- 
jugate [Joh 1883. 

374 On a plane field the crack of the rifle and the thud 

of the ball staking the target aie heatd at the same instant , 
find the locus of the heaier [Joh 1884 

375 In a rectangular hypeibola if PQ be a chord and 
CV the diametei conjugate to PQ, the angle between PQ 
and the tangent at P is equal to the angle VCP 

[Sel 1884 

376 Fi om a point K on the t < >nj ugate 1 lyperbola KQ Ppq 

is diawn to meet the hyperbola in P, p ami the asymptotes 
in Q, q shew that KP . Kp = 2KQ . Kq [Pet 1883. 

377 P, Q aie two points on a hyperbola, tluough P is 

drawn a paiallel to one asymptote' and through Q a parallel 
to the other meeting the fonner parallel in T , the tangents 
at P and Q meet TQ, TP lespectively in p, <J , she'w that pq 
is parallel to PQ [Pet 1883 

37 8 Let S, S' be the foci of a hyper bola, A", X' the points 

wheie the corresponding directrices meet SS', SV, S'Y' the 
perpendiculars on a tangent, then if XY, XY' meet the 
auxiliary circle again in y, y shew that yy' is also a tangent 
to the hyperbola. [Pet 1883. 

379 If through each of the middle points of two chords 

of a rectangular hyperbola a parallel is drawn to the other, 
their intersection, the centre and the two middle points are 
on a circle. [Clare, 1883 

380 If through two vertices of a triangle msciiued m a 

hyperbola two lines be drawn parallel to the asymptotes to 
meet the opposite sides, the line which joins the points ot 
intersection will be parallel to the tangent at the third 

vertex [Clare, 1883. 

381 It QV be an oidinate to the diameter PCp of a rect- 

angular hyperbola, prove that QV is the tangent at Q to the 
circle round the unangle PQp . [T. H. 1883. 
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GENERAL CONICS. 

382. 8 and II aie the foci of a conn* respectively corie- 

spondmg to its two directrices, which latter are respectively 
intersected by a tangent to the conic in the points L and M. 
If N be the intersection of LS and Mil (produced if neces- 
saiy), prove that LN = MN [I C. S. 1885. 

383 Given the focus and two points of a conic section, 
prove that the locus of the foot of the directrix is a circle 

[I. 0 S 1884. 

384 In a cential conic let PK, PL be the tangent 
and normal to the curve at P, and let K8L be drawn parallel 
to 8’ P y where 8 and S' are the foci Prove that KS — SL 

[Pet 1887. 

385 The tangent at P meets the major axis m T, per- 
pendiculars to the axis from the feet of the nerpendicuJais 
through the foci to the tangent meet the curve m L , JJ 
respectively prove that TLU arc in a straight line 

[Clare &c 1888. 

38G A straight line moves so that the intercept made 
on it by two fixed straight lines subtends a constant angle 
at a fixed point, shew that it touches a conic having this 
point as a focus [Trin 1888 

387 If AB are two points of any diameter of a central 

conic section, and C, D two points on the conjugate diameter, 
prove that if the pole ot AC lies on BD then also the pole 
of AD lies on BC [Lond 1st B A , Hon. 1870. 

388 Prove that if two triangles are circumscribed about 
one conic they are inscribed in another 

[Lond 1st B. A, Hon 1876. 

389. If any number of circles touch a conic at the same 

point, prove that the chords joining the points of inter- 
section are all parallel [Lond 2nd B A. 1873. 

390. A series of conics have a common focus and 
directrix. Any straight line drawn at nghl angles to the 
directrix meets the conics m points P, Q f R ... . Prove 
that the feet of the perpendiculars drawn from the common 
focus on the tangents at P, Q, R ... all lie on a straight line 
passing through the foot of the directrix. [Jes. &c. 1888, 
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391 Shew that the locus of either extien lty of the /iiajor 
axis of an ellipse inscribed in an isosceles triangle wi' h that 
major axis parallel to the base, is a parabola with its vertex 
at the middle point of the perpendicular on the base from 
the vertex of the triangle [Jes. &c. 1888. 

392. Two conics have a focus and directrix in common, 

and P, Q are two points, one o** each conic, such that the 
angle PSQ is constant and equal to a. Piove that the 
tangents at P and Q intersect on a conic with the same focus 
and directrix. [Joh. 1887. 

393. Prove that, if the lines joining to the foci any 

point P on a conic meet the conic again in Q and R t the 
line QR is always a tangent to a conccntnc and coaxial 
conic. [Joh 1887. 

394 The tangent at a moveable point P of a conic 

intersects a fixed tangent m Q, and from $ the focus a 
straight line is diawn perpendicular to SQ and meeting in 
R the tangent at P , shew that the locus of R is a straight 
line. [Joh 1888. 

395 The tangent at any point P of a conic cuts the 

transverse axis m T and 8 is the focus, prove that the conic 
is an ellipse, a parabola, oi a hyperbola, according as 8T is 
greater than, equal to, oi less than SP . [Thin. 1886 


396. C is the centre of a given conic, 0 is a given 
point, and CO meets the conic m a point between C and 0 , 
a straight line OPRQ meets the conic in P and Q, and 
the diameter conjugate to CO in a point R between P and 
RP RQ 

Q , prove that j>q + is independent of the direction of 
OPRQ. [Trin. 1886. 


397 A conic has a given focus S, and a given focal 

chord PSQ If the normal at P cuts the axis m G, find the 
locus of G. [Pemb. 1886. 

398 A conic is described passing through a given point 
P and having at that point a fixed tangent PT. The 
major axis is perpendicular to a fixed line PU and is equal 
to a given line. Shew that the centre lies on a hyperbola 
whose asymptotec are Pi/, PT 


c. G. 


13 
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319. If P be any point on a conic, PK the perpen- 
dicular on the directrix and KP be produced until PQ is 
equal to the focal distance of P, then the locus of Q is 
another conic. [Cath 188?. 

400 Give a linear plane geometrical construction fof 
di awing the common tangents of two conics which have 
at least two real points of intersection. [Joh. 1886 

401. Spheres are drawn passing through a fixed point 
and touching two given planes. Piove that the points of 
contact lie on two circles, and that the locus of the centre 
of the sphere is an ellipse 

If the angle between the planes is the angle of an equi- 
lateial triangle, piove that the distance between the foci 
of the ellipse is half the major axis. [Joh 1887. 

402 TP , TQ aie two tangents to a conic, focus S, cutting 

the corresponding directnx in L, M respectively prove 
that TS bisects the angle LSM [Pet 1885. 

403 Given one of the foci of a conic inscribed in a 

tuangle, shew how to find the other focus Is more than one 
solution possible ? [Pet 1885 

404. Prove that the locus of the middle points of focal 
chords of a conic section i& a similar conic section 

[Pet. 1886 

405 Two similar and similarly situated conics intersect 
m Ay B A common tangent meets them m P, Q, and 
PQ is produced to a point P, so that QR — PQ If PA, 
RB meet the conic through P in II, K , and if HK meet 
QP produced m 8, prove that PS = PQ [Pet 1886 

406. A conic circumscribes a triangle ABC , and one 

focus h'es BC , find the envelope of the conespondmg 

directrix. If A be a light angle shew that the envelope is a 
parabola. [Trin. 1885. 

407. Prove that if A, B and C are three given points, 

two parabolas can be drawn through A and B with C as 
focus, and that the axes of these parabolas are parallel 
to the asymptotes of the hyperbola which can be drawn 
through G with its foci at A and B. [Trin. 1886. 
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408 If two conics have a common dnectrix the a- four 
points of intersection lie on a circle. [Caius, 1885. 

409. Prove that the locus of the intersection of tangents 
to an ellipse which make equal angles with the major and 
minor axes respectively, and are not at light angles is a 
rectangular hyperbola whose vertices are the foci of the 
ellipse. [Oh it. &c. 1885. 

410 The asymptote CP of an hyperbola intersects an 

ellipse whose major and miror axes are respectively its 
conjugate and transveise axes in the point P: shew that 
if CP be produced to P' so that PP'^CP, and PM, P'QM' 
be drawn perpendicular to CA meeting it in M, M' re- 
spectively, Q being the intei section of P'QM’ and the 
hyperbola, QM is the tangent at Q [Sid. 1861 

411 The two pairs of common tangents to two similar 

and similarly situated ellipses intersect in S , S', and are cut 
by a tangent to one ellipse in VT, V'T' and by a tangent to 
the other m vt , v't'. Shew that if V't' pass through 8, 2V 
will also pass through 8 [Trin 1861. 

412. A parabola and a central conic intersect in four 
points, A, B, C, D , prove that the axis of the parabola is 
parallel to one of the lines joining the extremities of the 
diameters of the conic which are parallel to AB and CD . 

[Joh. 1861. 

413. The tangents at two points P, Q of a conic meet 
in 0, and fiom 0 are drawn two straight lines cutting the 
conic and making equal angles with the transverse axis. 
If they meet PQ m M, N, and the middle points of the 
chords be R, 8, shew that RMJVS lie on a circle 

[Pet. 1882 

414. Two similar conics have their directrices parallel' 

and the same focus 8 : if any straight line through S meet 
the two conics m P and Q, find the locus of the middle 
point of PQ. [Chr. 1882. 

415. A, B , C are any three fixed points; through A any 

straight line is drawn which cuts a given conic in the 
points P , Q. Shew that the locus of the intersection of 
PB and QC is a conic. [Jes. 1886. 

13—2 
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4 Id. 0 is a fixed point, and P any point on a given 
straight line. PQ is taken along the line always in a 
constant ratio to OP Prove that the line joining P to thq^ 
middle point of OQ always touches a conic whose focus is 0. 

[Jes. 1886 ; 

417 Prove that if an ellipse and a hyperbola are con- 

focal they intersect each other at right angles, and that the 
asymptotes of the hyperbola pass through the points on the 
auxiliary circle of the ellipse which correspond to the points 
of intersection. [Jon. 1886. 

418 A line AR is diawn from a fixed point A to meet 
a fixed circle m B: thiough B a line BO is drawn perpen- 
dicular to AB, to meet a concentric circle in G . Shew that 
a line through G parallel to A B touches a conic. [Pet. 1884. 

419. Two tangents are diawn from a point on the direc- 

trix to a central conic, and the points of contact joined 
Shew that the locus of the orthocentre of the tnangle thus 
formed is a conic similar to the given one. [Pet. 1884. 

420. A fixed straight line meets one of a system of 

confocal conics in two points Prove that the locus of the 
point where the normals at these points intersect is a straight 
line [Pet. 1884. 

421. With any point on the directrix of a given parabola 

as focus and the focus of the parabola as the other focus, 
an ellipse or hyperbola is described, shew that the tangents 
and normals at its points of intersection with the directrix 
are also tangents to the parabola. [Pet 1884. 

422 \ fixed chord PQ of a conic meets any diameter 

m N, nd tne ordinate to this diameter through N meets 
the tangents at P and Q m H, K Prove that HK is bi- 
sected at K [Caius, 1883. 

423 If any two chords PQ , PQ' be drawn through a 
point P of a conic and perpendiculars to the chord through 
Q and Q' meet the normal at P in N, N' respectively, shew 
that PN, PN' are to one another as the squares of the 
diameters of the conic parallel to PQ , PQ'. [Pet. 1885. 
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424 If A, B, C, D are four pmnts on a ^omc the n irmals 
at which meet in a point, prove, that the sum of the squares 
of the diameters paiallel to AB and CD is equal to the sum 
of the squares of the diameters parallel to AC and BD. 

[Clare, 18S5. 

425 A parabola passes through two fixed points A, B at 

a distance 2a apart, and has a straight line distant c from 
the middle point of A B as directrix Shew that the locus 
of the focus of the parabola is a conic section, which is an 
ellipse or a hyperbola, accoiJmg as c is gi eater or less 
than a [Trin 1884 

426 A circle is drawn on a sheet of paper and the 

paper is folded so that one coiner of the sheet lies on the 
circumference of the circle Prove that as this cornel* 
moves about on the circle the crease on the papei will en- 
velope a com^ [Thin. 1884. 

427. A semicircular piece of paper is folded over so that 
paiticular point P on the bounding diameter lies on the 
circular boundary; prove that the ci ease-line touches a 
fixed conic. [Trin. 1885. 

428 If a circle and a conic intersect in the points B , C, 

D, E then the lines bisecting the angles between BC and 
DE y BD and CE , BE and CD are each parallel to one of two 
given straight lines [Caius, 1885. 

429. TP, TP are tangents to a conic, PC , P'Q ' are 
normals at P , P' prove that TP : TP' PC * P'C' Prove 
also that if GL, G'L ' are drawn perpendicular to PP', then 

PL = P'L'. [Chr. 1885. 

4P0 Two tangents to a conic are drawn from any point 

T touching the conic m P and Q, any straight line drawn 
parallel to TP meets TQ in L , PQ in 0 and tl e conic in JR, 
8: shew that LO 2 = LR LS [Qu. 1885. 

481. P, Q are any two points on an ellipse whose foci 
are S , H , SP , HQ intersect m M y SQ, HP in N t and the 
bisectors of the angles QSP f QHP in R Shew that RP , 
RQ are tangents to the ellipse, and M , N are points on a 
confocai hyperbola to which RM y RN are tangents 

[Jes. 1885. 
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43*2. Given r, line, a circle with centre 0, and a point S * 
a variable point R on the line is joined to S by a line which 
meets the circle in U, V, and lines are drawn from S parallel 
to OU, OV to meet RO in points P and Q; shew that the 
locus of these points is a conic with S as focus and the given 
line as directrix 

Deduce from this mode of geneiation that tangents from 
any point to a conic subtend equal angles at a focus. 

[Joh 1884 

433. Piove that the diagonals of a curvilinear quadri- 
lateral formed by the intersection of two confocal ellipses 
with two confocal hyperbolas are equal. 

Shew that these results are also true for a system of 
confocal and coaxial parabolas [Joh 1884 

434 A hyperbola is descubed having a focus of an 
ellipse for focus, and the tangent at the corresponding 
vertex for directux Prove that tangents to the ellipse 
from points in which the hyperbola cuts the minor axis of 
the ellipse are parallel to the asymptotes of the hyperbola 

[Joh 1884 

435 An ellipse and a hyperbola have the same foci and 
meet in P PYZ is a tangent to the hyperbola at P; 
SY . HZ the focal perpendiculars Prove that 

PY PZ = BG\ 

where BOB' is the minor axis of the ellipse. [Pet. 1884 

436. An ellipse is met m P and Q by a lectangular 
hyperbola having for asymptotes the axes of the ellipse 
PM, QN are ordinates diawn to the axis OA , PR, QT 
to OB. Piove that 

CM 2 + ON 2 = CA\ 

and that ON . CR * GA CB. [Pet 1884. 

437 From a fixed point 0 on the circumference of a 
circle a chord OA is drawn, and produced to 3 so that the 
difference of the squares on OB and OA is constant, prove 
that the line through B perpendicular to OB will touch a 
sonic of which 0 is centre and the other extremity of the 
diameter of the circle through 0 is a focus. [Clare, 1884. 
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438 Given a focus S and two»tangents do a conic, prove 

that the envelope of the minor. axis is a parabola of which 
the focus is S [Triin. 1884 

439 A focal chord 1 J SQ of a conic is given in position 
and the position of the axis is also given. Tiace the conic. 

[Pemb. 1884 

440 Prove by projection mat, if AC A' be the major 
axis of an ellipse, and PNP ' a double ordinate bisecting 
CA' at iV, the tangent at P is parallel to AP . 

[Pemb 1884 

441 An ellipse and a hyperbola are concentric and co- 

axial, and a point P is such that its polars with respect to 
the two are at right angles and intersect in Q , prove that 
the locus ot P is two straight lines through the centre C> 
and the locus of Q is two other straight lines through the 
centre , but that if the conics be confocal, (7, Q and P are in 
one straight line and CP CQ is constant. [Chr. 1884 

442 Given the focus, directrix and eccentricity, give a 
geometrical construction for the points where a given 
straight line drawn through the focus cuts the cuive. 

[Qu 1884 

443. If a parabola, having its focus coincident with one 
of the foci of an ellipse, touches the conjugate axis of the 
ellipse, a common tangent to the ellipse and parabola will 
subtend a right angle at the focus [Trin 1885. 

444 AC A' and BOB' aie the tiansverse and conjugate 
axes of an ellipse, of which S and S' are the foci, P is one of 
the points of intersection of this ellipse and a confocal 
hyperbola, and aCa is the transverse axis of the hyperbola. 
Prove that 

SP = Aa, S'P — A' a f and aB^CP JTl'rin 1885. 

445 Two fixed points P , Q are taken in the plane of 
a given circle, and a chord RS of the circle is drawn parallel 
to PQ, prove that for different positions of RS the locus of the 
point of intersection of RP and SQ is a conic [Trin 1886 

446. A circle passes through a fixed point and cuts 
a given straight line at a constant angle Prove that the 
locus of the centie is a conic [Jes. 1884. 
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447. A chcrd of - conic subtends a given angle at the 

focus Prove that the tangents at its extremities will interj 
sect on a conic having the same focus and directrix as the 
original conic. r [Joh. 1883. 

448. An ellipse and hyperbola have the same tians 
verse axis, and their eccentricities are the reciprocals of one 
another ; prove that the tangents to each through the focus 
of the other intersect at right angles in two points and also 
meet the conjugate axes on the auxiliary circle. [Joh. 1884. 

449. From any point Q on a central conic, QS , QH are 
drawn to the foci S , H , meeting the conic again m P, P' ; 
shew that if the tangents at P, P' meet in T y QT is bisected 
by the minor axis and the locus of T is a conic [Pet 1883. 

450. Through two points on a central conic shew that 
two circles can be described to touch the conic ; and that 
the points of contact are at the extremities of a diameter 

[Caius, 1883 


CONE. 


451. If S be a point within the cone , A its vertex, AB 
its axis , shew that the difference of the acute angles made 
with AB by the planes of the sections having S for a focus 
is twice the angle SAB [ICS 1887. 

452 Shew how to obtain from a given cone a section 
which shall have the greatest possible eccentricity 

[1 C. S. 1386. 

453 U ider what circumstances may the section of a 

cone by a plane be a rectangular hyperbola ? In such a case 
shew how to determine the necessary inclination of the 
cutting plane. [I. C. S. 1885. 

454. Shew how to find the centre and the asymptotes of 
a hyperbolic section of a cone Also shew how to cut from 
a given cone a hyperbola, whose asymptotes shall contain 
the greatest possible angle. [I 0. S. 1884. 
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455 Prove that the minor axis of an elliptic section of 
a right cone is a mean proportional between the diameters 
of the circular sections of the cone, made by planes drawn 
through the extremities of the major axis of the ellipse. 

If the ellipse oe projected upon a plane perpendicular 
to the axis of the cone, shew that the distance between the 
foci of the curve of projection is equal to the difference 
between the radii of the same two circular sections 

456 Fiom a given right circular cone is cut a series of 
parabolas the axes of which intersect a given straight line 
OM which passes through the vertex 0. If any section 
intersect OM at N y shew that the ratio ON 2 AN GL is 
constant for all the parabolas, wheie A is the vertex of the 
section and G the centre of its focal sphere, and L is the 
point where the section cuts the axis OL of the cone 

[Pemb 1887. 

457. If two sections of a cone have a common directrix, 

the lateia recta of the sections are in the ratio of their 
eccentricities [Jes &c. 1888. 

458. Prove that the locus of the centres of all plane 

sections, for which the distance between the foci is the same, 
is a right circular cylinder. [Joh 1888 

459 Prove that the centres of all sections having their 
minor axis of the same length lie on the surface formed by 
a hyperbola revolving about its transverse axis. [Pet. 1887 

460. What conditions are necessary in order that it may 
be possible to construct an elliptical cone passing through 
two given circles m different planes ? [Trin 1887. 

461 Shew that the locus of the vertices of all light 
cones out cf which an ellipse given both in magnitude and 
position can be cut, is a hyperbola passing through the foci 
of the ellipse. [Jes. 1887. 

462. Shew how to draw a plane cutting a given light 

cone in an ellipse of given eccentricity and having a major 
axis of given ’ength. [Cath. 1887. 

463. If the vertical angle of a cone be a right angle, 

shew that the square of the sum of the radii of the two 
contact spheres of a section by a plane is equal to the sum 
of the squares oi the axes of the section. [Pet. 1886. 
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464 Two rght circular cones whose vertical angles are 
right angles, have their vei tices and one generating line co 
incident, piove that when a section of each is made by the 
same plane, the minor axis of the one section is equal to 
the conjugate axis of the other. [Clare, 1886 

465. Piove that the latera recta of parabolic sections of 
a right circular cone are proportional to the distances of 
their vertices from the vertex of the cone [Trin. 1886 

466 Through a fixed rectangular hyperbola a series of 
right circular cones is desenoed Prove that the locus of 

theii vertices is an ellipse with eccentricity 

Y " 


[Pemb 1885 

467 If P be a common point of two intersecting spheres 

which are inscribed m a right cone, shew that the tangent 
planes at P will make equal angles with the straight line 
drawn from P to the vertex of the cone [T H 1886 

468 Any section of a right circular cylinder by a plane 
not parallel or perpendicular to its axis is an ellipse 

[Q u 1886 

469 Different elliptic sections of a light cone are taken 

*>uch that then axes are equal (the major axes all being 
m one plane) Shew that the locus of their centres is a 
hyperbola. [Cath. 1886. 

470. Determine the parabolic section of a given cone, 
which shall have its latus-rectum of a given magnitude. 

[T H 188*1 

471. Prove that the semi-minor axis of an elliptic 
section of a right cone is a mean proportional between the 
perpendiculars drawn from the vertices of the ellipse upon 
the axis of tH cone. If V be the vertex of the cone, R the 
point where the axis of the cone cuts AA\ the major axis of 
the section, prove that^ 


OR GA GS . AV+Cl S' [Thin. 1861. 


472 A series of elliptic sections of a right circular cone 
are made by parallel planes , shew that the auxiliary circles 
lie on a right cone having for its base an ellipse similar to 
the given ellipses. [T. H. 1882. 
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473 T wo cones have their veitical ang’es supplement- 
al ; prove that the sum of the squares of the reciprocals of 
the greatest eccentricities of conics, obtained from theLi by 
plane sections, is unity [Trin. 1885 

474. Shew how to draw a section which shall have a 

given straight line for directrix, the given straight line being 
perpendicular to the axis of the cone [Qu 1885. 

475. Given an ellipse and a right circular cone, place the 
ellipse so as to be a plane section of the cone [Trin 1884. 

476. Piove that the latus-rectum of a plane section of 

a cone varies as the perpendicular from the vertex of the 
cone upon the plane of section. [Trin. 1884 

477. If two different plane sections of a cone have a 

common directrix the line joining their foci goes through 
the vertex of the cone [Qu 1884 

478 If the angle of a cone be a light angle, prove that 
the semi-latus-rectum of a section is a mean proportional 
between the segments of the major axis made by a peipen- 
dicular on it from the vertex of the cone. [Cath. 1884. 

479. Two cones which have a common vertex, their axes 
at right angles, and their vertical angles supplementary are 
intersected by a plane at right angles to the plane of their 
axes Prove that the distances of either focus of the elliptic 
section from the foci of the hyperbolic section are equal re- 
spectively to the distance from the vertex of the ends of the 
transverse axis of each, and that the sum of the squares on 
the semi-conjugate axes is equal to the rectangle contained 
by these distances. [Trin 1885. 

480 If the minor axis of the section of a cone be con- 
stant, prove that the centre of it lies on a hyperboloid of 
i evolution. [ J 1884 
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Proposition T. ( continued ) 

To prove that the cune lies between lines diawn through A and A ' at light 
angles to the axis. 

On SN or SN produced mark off SK—e . XN 

We must consider m v*hat positions of N, NP meets the circle whose 
centre is S and radius e . XN, i.e. whether SK is gi eater or less than SN. 

Case 1. If N is between S and A 


K N 


A 

A S 

A' 


SK = e . NX > e . XA or SA , 

SK > SN 


Case 2. 

If N is between S and A' 

N K 


X 

A S 

A' 

and 

SK=e.XN , 

SA'=e XA', 

by subtraction = e NA'cNA* 

SK>SN 


Case 3 

If N is in SA' produced. 

KN 

X 

A S 

A' 

and 

SK = e XN, 

SA' — e XA', 

by subtraction A' K—e . A'N < A’N , 

SK < SN 


Case 4. 

If N is between A and A r 

N K 


A 

A * S 

SK = e NX- e AX or SA , 

SK^SN 

A' 

Case Ij 

If N is in SX produced. 


N 

K 


X 

A S 

A' 


SK — e . XN < XN < SN 

We have now proved that the circle intersects the perpendicular NP, 
when N is m any part of the axis AA ' between A and A', but n t when N 
lies outside the part A A', hence the ellipse lies entirely between lines drawn 
through A and A' at right angles to the axis. 
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Proposition I. ( continued ) 


To prove tfyat the curve lies outside lines drawn through A and A ' at light 
angles to the axis . 

On SN or SN produced mark off SK = e XN 

We must conside m what positions of N , NP meets the circle whose 
centre is S and radius e . NX, 1 e whether SK lsgreatei or loss than SN. 


Case t 

If N is between A and A. 

N * K 


A' 

A , i 

S 


SK=e NX < e AX or Si, 

SK < SN 


Case 2 

If N is between X and A ' 



N K 


A* 

X A 

s 

and 

SK=e XN, 

SA'=e XA', 

by subti action KA' = e NA ' -- N l\ 

SKcSN 


Case 3 

K N 

If N is in S4 f produced 


A f 

A * 

s 

and 

SK=e XN, 

SA' — e XA'; 

by subtraction A' K —e A'N>A'N, 

SK> SN. 


Case 4 

If N is between A and S 



IC _ N 


A' 

X A 

s 


SK = e . NX > e AX or SA, 

. SK > SN 


Case 5. 

If N is m AS produced 

N 

A' 

X A 

s 


SK = e . XN > XN > SN. 

We have now proved the circle does not intersect the perpendicular NP, 
when N is m any part of the axis A A' between A and A' , but they do intersect 
when Nlrs outside the part A A', hence the hyperbola lies entirely outside 
the lines drawn through A and A' at right angles to the axis. 
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The following important propositions may be assumed in the solution 
of problems. 


PARABOLA. 


x If POp be a chmd meeting ant/ diameter ANn in 0, and PN , pn 
oidinates of that diameter , AN An~A0 2 . (See proof of Prop I, p 144 ) 

2. In the fig . of Prop XVII . if QD be drawn pet pendicular to PV, 
QD 2 =4AS.PV (See Prop XVII , Ex 1) 

3 Any two tangents are divided 'iy a third tangent into segments which 
have the same ratio (See Prob. 11, p. 149 ) 


4. If two fixed lines OP , OP ' ate divided in F, F' such that OF, OF' are 
connected hi/ a fixed Uneat i elation such as X OY+p 0K' = 1, ivheie X, p 
aie constants f then FF' envelops a patabola which touches OP , OP'. 


By the last Prop , 

PY _ OF' OP-OY OF' 
OY~Y'P' ,he ' OY ~OP'-OY " 


hence 


OF OF' 
OP + OP ~ 


or X OY+fi.OY'^1, where \ = 1/0P, m = 1/0F, • etc. 


5 S is a fixed point, Y any point on a fixed straight line AY, YP is 
drawn perpendicular to SY , YP envelops a parabola whose focus is S and 
tangent at the vertex is AY (Converse of Prop X) 

6. S is a fixed point , 0 any point on a fixed straight line OQ , OQ' is 
drawn making a constant angle (a) with O Sf, OQ' envelops a parabola whose 
focus is S and which touches OQ at a fixed point Q such that SQO = a, 
(This is the general Prop of which the last is a paiticulai case. It is the 
converse of Prop. XIII ) 

7. OQ, OQ ' are two fixed straight lines, S is a fixed point between them , 
QQ f is drawn so that L QVQ'=Tr- QOQ', the envelope of QQ' is a paiabola 
whose focus is S and which touches OQ, OQ'. (Conveis^ ot Prop 2, p 144 ) 

8 The ortho-centie of a tangent triangle lies on the directnx <See 
Prob 14, p 149 ) 


CONIC SECTIONS. 

1. If the tangent at P meet the directrix in Z and the fatus rectum in K, 
SK : SZ — e. (See Prop. X , Ex., of the Hyperbola ) 

2. AA' is a fixed diameter of a given circle , S, S' are points equidistant 
from the centre, SY, S'Y' are paiallel straight lines meeting the cucle m 
F, F', then 
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(1) if S , S' are inside the circle thb envelope of YY' is an ellipse , 

(2) if 3, S' are outside he circle the envelope of Y ?' is a hyperbola , 

of whnch the given circle is ' the auxiliary circle 

Or, if S, S' are fixed points ayd SY, S' Y' parallel straight lines such that 
SY, S'Y'— constant the envelope of YY' is an ellipse oi hyperbola according as 
£F, S'Y' are diawn on the same or on opposite sides of SS'. 

(See Prop XIV. c ? the Ellipse, and Prop. XIII of the Hyperbola ) 

3 Gr , Cr' are two fixed straight hiua and rf is drawn so that A Crr' is 
of constant area , the envelope of rr' is a hypeibola whose asymptotes are Cr, 
Gr' (See Prop. XXXI. of the Hyperbola ) 

4 Given m a triangle its base and Me diffeience of its base angles, prove 
that the locus of its vci tex is a hypeibola 

When the given difference is a light angle , the locus is a rectangular hyper- 
bola. 

(See Prob 335 ) 

5 A fixed straight line meets one of a system of confocal conics in two 
points , piove that the locus of the mtei section oj the nonnals at the»e points 
is a straight line (See Prob 420 ) 

6 The locus of the poles of a given straight line for a system of confocal 
conics is a straight line 

Let AB be the given straight line, draw the confocal touching AB at P; 
diaw PG JL to AB The pole oi AB with respect to this confocal is P, l e lies 
on PG Draw tangents PT, PT to any other confocal AB, PG bisect 
L SPS', and they bisect z TPT', i e AB, PG are harmonic with PT, PT, 
and aie conjugate with respect to come of which PT, PT' aie tangents, 

the pole oi AB with respect to this conic lies on PG 

7 The anharmonic ratio of the pencil formed by gommq any point on a 
conic to four fixed points on the conic is constant (Projections ) 

Or, consider the directux as a transversal, change the vertex of the 
pencil to S , the angles of this pencil are constant by Prop II , being halves 
of the angles of the pencil of lays from S to the fixed points. 

8. Also if tangents to the conic are diawn at the four fixed points and 

any otKr lancumk them m four points the anharmonic ratio of the 
range is that of t]& pencils (Reciprocate.) 

9. If a - h^ammammamtmi^Bgsrin Gf^tomc the tin ee poinib of itersection 

of the three ffifWVf 'opp&$iWWi***' ? h? u straight line. (Pascal's 

theorem.) 

Project comer lly, making <two pairs~~6f opposite sides parallel, then 
project orthogonally into a circle. 

10. IJ a hexagon be described about a conic the thiee diagonals will meet 
in a poin.\ (Bnanchon’s theorem.) (Reciprocate ) 
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11. The polar reciprocal of a circle (centre 0) with respect to any point ( 8 ) 
is a conic, of which one focus is at S , the corre i ponding di ectnx is the polar 
recipiocal of 0, and the eccentricity u the latio of SO to ihe uidius of tJC 
circle 

12. The polar recipiocals of a system of circLs, which have the same 
radical axis , with respect to a limiting point of the system, are a system Oj 
confocal conics. 
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